Dynamické systémy PF UPJS UMAT/DYS/19 Semester 5/1
Prednasajici : J. Kiselak Rok: 2022-2023
Sada tuloh na precvic¢enie IV

Séria dloh 1: Uvazujme ilohu (vedenie tepla na ty¢i s
0 0?
izolovanymi koncami) 8_7: = 8_7;’ t > 0,z ¢ (0,m) s okrajovou
x
0 0
podmienkou —u(t,O) = —u(t,w) = (0 a pociatocnou podmienkou

u(0,2) =ug(z),z € (0,7).

Ukazte, ze pre X = £(0,7) a up € X (up(z) = Y arpx) je
F

gi(ug) = zk:ake_kztgbk(a:), aj = /(;ng(m) uo(z) dz

tok daného DS a autonémnost. Potom zistite, ¢o sa deje pre t — oo
(sumy aj konvergencia je v zmysle priestora X).

Séria uloh 2: Ukazte, ze T zachovava mieru g na X = [0,1],
pricom X = B(0,1)

(a) T(x)=1-2z-1], p=X

(b) T() = de(1-2), u(A

dx
e e

fx, € [0,1/2] o de
(@) T(w){%xx7 vty "=l




Séria tloh 3:

Nech T : [0,1] - [0,1] je linedrna na [0, /4] [1/4,1/2], [1/2,1] a
T) =0, T(1/4) = 1/2, T(1/2) =0, T(1) = 1/2. Ukazte, ze A nie
invariantna pre T a ziaden bod z (1/2 1] sa do (1/2,1] nevrati.

Séria iloh 4: Vysetrite ergodi¢nost zobrazeni:

(a) T(x)=z+1, (Z,ZZ,#)
(b) T(z) =x+2, (Z,2%,#)
(¢) T(x)=2+1, (R,B(R),\)

Séria uloh 5: Nech T : [0,1] = [0,1], T(x) = 2°. Pomocou
vhodného rozkladu [0,1] = Au B ukéazte, Zze Lebesguova miera na
borelovskych mnozinach nie je ergodicka pre 7.

Séria tiloh 6: Nech 7:[0,1] - [0,1] je zobrazenie stan (1-[2z-1|).
Dokazte, Ze pre A-skoro kazdé z €[0,1] je




Séria uloh 7: Zistite, ktoré zo systémov su gradient-
né/Hamiltonove a najdite potencial/Hamiltonian.

(a) & =-2ze™ v (e) & =siny
y=-2ye v’ —y? Y =TCoSyY

(b) & =y+a’y () #=y+2ey
U=-x+2zy y=r+a-y

(c) =y (g) &=-2+2y°-2y"
=1y y=-r-y+ay

d) i=y (h) 4 =322 ~1-e%
g =-y-a° j = —2we™

Séria uloh 8:

tonian a nacrtnite fazovy portrét.

Ukazte, ze systém je Hamiltonov, najdite Hamil-

(a) ' =-3z+5y, ¥y =-22+3y (e) ' =3y* -3z, 9 =-322+3y
b) 2'=y, Y =-23+z (f) ' =y+a?-y? o =-z-2zy
(¢) ' =2%-2zy, o =y*-2xy (g) 2’ =xzcosy, y' =-siny

d) 2" =22, o =-2(1+y?) (h) W' =9, ¢’:—%Sinw, g,1>0

Séria uloh 9:

existuje Hamiltonian.

[Hint: H = H(z,z',1)]

z" +x' + Ba® =y coswt

Ukazte, ze pre Duffingovu rovnicu




Séria tiloh 10: Ukazte, Ze je splnena nutna podmienka a najdite
Hamiltonian.

(a) o) =sinwg+2w3wy, ah=1, ah=a3+22379, ) =1-2w0my

(b) ¢ =-2q1+q2, @ =q—-2¢

q1 17i q2
(c) ¢ = , gy =
TR T

' =u, y'=v, u=-Ar+2zy, v =-By+ey’+z?, A B,ccR,AB>0

)
(e) ¢ = —a1(af +ad3), ¢4 = -q2(a3 +ag?), aeR
) @ = -a(gi+d), &5 =q-a(d+q7)

)

" 2 " 2
qp =-vqi+aqy, Gy =-vqg2—aqy, a,veR

Séria 1uloh  11: Vyuzite Routheove-Stodolove-Hurwitzove
kritérium na urcenie regionu asymptotickej stability systémov.

(a) ' =pr-y, Y =x+py
o' =pr-y, y =rz+py

, —_—

)
)
(c) ' =pr-y, y=x+py, 2 =pr+y+z
(d) 2’ =—ax+y+bz, y =x-2y+bz, 2'=-by+az
)
)

Séria iuloh 12: Nakreslite fazovy portrét rovnice i+ 3|i|+22 = 0.




Séria iloh 13: Nakreslite fazové portréty systémov.

(a) 2=y, §=1+22-(1-2)y (e) & =-6y+2xy—8, §=y>-a°
(b) &=ye¥, §=1-22 (f) &=siny, ¢=-sinz

(c) d=1-zy, y=(x-1)y (g) £ =sinxcosy, ¢ =sinycosz
(d) 2=1+x-2y)z, y=(zx-1)y (h) &=4-42% 9% ¢ =3zy

Séria uloh 14: Ukazte, ze nulové riesenie systému

¥y
ln\/:UQTy?’

X

§= oy
In+\/22 + 12

je stabilna spirala, aj ked je dikritickym uzlom jeho linearizacie.

T =-T-

Hint: polarne stiradnice

Séria uloh 15: Ukazte, ze systém

:i::x(l— x2+y2)—%y(m—x),
yzy(l— x2+y2)—%x(m—x)

ma dve ekvilibria. Nakreslite fazovy portrét.

Hint: poldarne siradnice

Séria uloh 16: Ukazte, ze systém

. ) 422
LTI Y E T g

Y

d
ma tri ekvilibria. Nakreslite fazovy portrét a region, kde je s
x




Séria uloh 17:

Vysetrite stabilitu nelinearnych systémov

13) 2 = —z1 + 29+ 27179 14) 2} = =2z + 22 + 22,
xh = 2wy — 3wy + baf + 3 xhy = —x1 + 3w + 303

15) ) = e®1t2%2 _ cos 3y, 16) 2} = 2y/x; + 1 — 2e*1t2
rh = /4 +8x — 2™ xh = sinzy + In(1 — 4z,)

Pri akych hodnotach parametrov je trivialne riesenie asymptoticky stabilné?

17) 2} = axy — 229 + 2} 18) ) = axy + x9 + 23
;"2 = I1+ To+ T1X9 1’2 = T+ arge+ 1%
19) 2} = z3+ sinz 20) ) = 7y + ams+ 23
zh = azr; + bxy zh= br;+ —3zy— 73

Vysetrite stabilitu trivialneho riesenia pomocou Ljapunovovej funkcie
¢ / 0,.b )¢ ! Y ! 5 [ e
21} & =i+ 253 222y =my 23) z = —2° + 223

’ 5

xh = =3z + 13 xh = sin(x; + x2) Ty = —21 — I; + x5

Séria iloh 18: Ukazte, ze systémy nemaju periodické riesenia.

(a) d=y+a3, g=z+y+1° (d) &=y, §=(1+2")y+a°
(b) E=x-y, y=x+y-21y (e) #=2zy+a°, §=-2+y-y>+y’
(c) #=-(1-z)’+xy®, G=y+y° (f) #=a?+y, =y’ +a’c"

Séria uloh 19: Ukazte, ze sa HB problému

T+x=-Fysgn(z), x(tg)=x0>0, @(tp)=0, Fy>0

otod¢i prave n-krat okolo ekvilibria kym ho dosiahne, ak (4n-1)F} <
X < (4n + 1)F0




Séria uloh 20:

Preskiimajte fazovy portrét stustavy pre rozne

hodnoty parametra a. Najdite bifurkacnii hodnotu parametra a

nakreslite bifurkac¢ny diagram.

(¢) 2’ =a-x2,
y'=-y

(d) 2" =a?®+y*-a,
y'=-y

() o' =a2+y,
Y =z-y+a

(f) 2" =y,

y = -z - az’

(g) 2" =azx+(a-1)y,

Yy =x+ay
(h) 2" =y,
y' =a-e®

(j) =’ =y,
y' = (z-a)(z®-a)

(k) 2’ = ax3 + 2y,
y' = -y+a%y

() ' =ar+y+sinz,

y'=z-y
(m) 2’ =a(l-y*)z-y,y =
(n) =’ = -z +y+ 22y,

y' =a-y-z%y

(0) x':ax—y+x(x2+y2),
y' =z +ay+y(z?+19?)

=z(1-22-y*) -y(l+a+2x),
Y =x(1+a+x)+y(l-22-y?)

Séria dloh 21:
disipativne.

Urcte, pre aké hodnoty parametra st systémy

—Z = by —w’zx

(@) S5 =a(y-),
dy _
dt

dz

dt

z(b-2) -y,

=2y —cz




