P. J. SAFARIK UNIVERSITY
FACULTY OF SCIENCE

INSTITUTE OF MATHEMATICS
Jesenna 5, 041 54 Kosice, Slovakia

J. HaluSka and O. Hutnik

On Product Measures in Complete
Bornological Locally Convex Spaces

IM Preprint, series A, No. 1/2007
January 2007



ON ProDUCT MEASURES IN COMPLETE
BORNOLOGICAL LocALLy CONVEX SPACES™

Jan HALUSKA and Ondrej HUTNIK

Abstract
A construction of product measures in complete bornological locally
convex topological vector spaces is given. Two theorems on the existence
of the bornological product measure are proved. A Fubini-type theorem is
given.

Mathematics Subject Classification 2000: Primary 46G10, Secondary 28B05
Keywords: Bilinear integral, Dobrakov integral, bornology, operator mea-
sure, locally convex topological vector spaces, product measure, Fubini
theorem.

1 Introduction

Tensor product of vector-valued measures was studied e.g. in [6], [7] and [10]. It
is well known that the tensor product of two vector measures need not always
exist, even in the case of measures ranged in the same Hilbert space and being the
linear mapping (used in its definition) the corresponding inner product, cf. [8].
Several authors have given sufficient conditions for the existence of the tensor
product measure, including the case of measures valued in locally convex spaces.
In [19], a bilinear integral is defined in the context of locally convex spaces which
is related to Bartle integral, cf. [1], and which allows to state the existence of
the product measures valued in locally convex spaces under certain conditions.
The bornological character of the bilinear integration theory in [19] shows the
fitness of making a development of bilinear integration theory in the context of
the complete bornological locally convex spaces. Note the paper of Ballvé and
Jiménez Guerra, cf. [2], where we can find also a list of reference papers to this
problem.

In this paper two theorems on the existence and the integral representation
of the bornological product measures are proved, and a Fubini theorem is stated
for functions valued in complete bornological locally convex topological vector
spaces.

*This paper was supported by Grants VEGA 2/5065/05 and APVT-51-006904.
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2 Preliminaries

In this section we collect the needed definitions and results from [12], [13] and [14].

2.1 Complete bornological locally convex spaces

The description of the theory of complete bornological locally convex topological
vector spaces (C. B. L. C. S., for short) may be found in [16], [17] and [18].

Let X, Y, Z be Hausdorff C. B. L. C. S. over the field K of real R or complex
numbers C, equipped with the bornologies Bx, By, Bz.

One of the equivalent definitions of C. B. L. C. S. is to define these spaces
as the inductive limits of Banach spaces. Recall that a Banach disk in X is a
set which is closed, absolutely convex and the linear span of which is a Banach
space. Let us denote by U the set of all Banach disks in X such that U € Bx.
So, the space X is an inductive limit of Banach spaces Xy, U € U,

X = injlim Xy,

veld

cf. [17], where Xy is a linear span of U € U and the family ¢/ is directed by
inclusion and forms the basis of bornology Bx (analogously for Y and W, Z and
V). The basis U of the bornology Bx has the vacuum vector* Uy € U, if Uy C U
for every U € U. Let the bases U, W, V be chosen to consist of all Bx-, By-,
Bz bounded Banach disks in X, Y, Z with vacuum vectors Uy € U, Uy # {0},
Wo e W, Wy # {0}, Vo € V, Vi # {0}, respectively.

We say that a sequence of elements x,, € X, n € N (the set of all natural
numbers), converges bornologically (with respect to the bornology Bx with the
basis U) to x € X, if there exists U € U such that for every € > 0 there exists
ng € N such that x,, — x € U for every n > ng. We write x = U-lim,, ., X,,.

Example 2.1 A classical bornology consists of all sets which are bounded in
the von Neumann sense, i.e. for a locally convex topological vector space X
equipped with a family of seminorms @, the set B is bounded (or belongs to the
von Neumann bornology) if and only if for every ¢ € @ there exists a constant
C, such that ¢(z) < C, for every z € B.

2.2 Operator spaces

On U the lattice operations are defined as follows. For U;,U; € U we have:
Uy NUy = Uy NUy, and Uy V Uy = acs(U; UUs), where acs denotes the topological
closure of the absolutely convex span of the set. Analogously for W and V. For

Lin literature we can find also as terms as the ground state or marked element or mother
wavelet depending on the context
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(U, W1, V1), (Ug, W, Vo) € U x W x V, we write (U, W1, V}) < (U, Wo, V3) if
and only if Uy C Uy, Wi D Wy, and V; D V5.

We use @, U, I" to denote the classes of all functionstd — W, W — V. U — V
with orders <g, <y, <r defined as follows: for ¢y,; € ® we write p; <g @2
whenever ¢ (U) C @o(U) for every U € U (analogously for <g, <pr and W — V,
U — V), respectively).

Denote by L(X,Y) the space of all continuous linear operators L : X — Y.
We suppose L(X,Y) C ®. Analogously, L(Y,Z) C ¥ and L(X,Z) C T. The
bornologies Bx, By, Bz are supposed to be stronger than the corresponding von
Neumann bornologies, i.e. the vector operations on the spaces L(X,Y), L(Y,Z),
L(X,Z) are compatible with the topologies, and the bornological convergence
implies the topological convergence.

2.3 Set functions

Let T and S be two non-void sets. Let A and V be two d-rings of subsets of sets
T and S, respectively. If A is a system of subsets of the set T, then o(A) (resp.
d(A)) denotes the o-ring (resp. o0-ring) generated by the system A. Denote by
Y =0(A) and E = (V). We use yg to denote the characteristic function of
the set E. By py : X — [0, 00] we denote the Minkowski functional of the set
Uel,ie py =infyerv|A| (if U does not absorb x € X, we put py(x) = o0.).
Similarly, py and py denotes the Minkowski functionals of the sets W € VW and
V €V, respectively.

For every (U,W) € U x W, denote by myw : ¥ — [0,00] a (U, W)-semi-
variation of a charge (= finitely additive measure) m : A — L(X,Y), given
as

I
my,w (E) = sup pw <Z m(E N EZ)X2> , Eel,
i=1
where the supremum is taken over all finite sets {x; € X; x;, € U,i =1,2,...,1}
and all disjoint sets {E; € A; i = 1,2,...,1}. It is well-known that myy, is a
submeasure, i.e. a monotone, subadditive set function, and mw (0) = 0.

For every (U, W) € U x W, denote by |ml|yw a scalar (U, W)-semivariation
ofm: A — L(X,Y), defined by

1

> Am(ENE;)

i=1

, Eex,
Uw

|m||yw(E) = sup pw

where || L||yw = supyey pw (L(x)) and the supremum is taken over all finite sets
of scalars {\; € K; ||\ < 1,0 =1,2,...,1} and all disjoint sets {E; € A; i =
1,2,...,I}. Note that the scalar semivariation ||m|/yw is also a submeasure.

Analogously, we may define a (W, V)-semivariation Iy, and a scalar (W, V)-
semivariation ||1||wv of a charge1: V — L(Y,Z).
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For a more detail description of the basic L(X,Y)-measure set structures
when both X and Y are C. B. L. C. S., cf. [12].

Definition 2.2 Let (U, W) € U x W. Denote by

(a) Ayw the greatest d-subring of A of subsets of finite (U, W)-semivariation
myw and Ayw = {Apw; (U, W) € U x W} the lattice with the order
given with inclusions of U € U and W € W, respectively;

(b) Afyw the greatest d-subring of A on which the restriction myw @ Afy, —
L(Xy, Yw) of the measure m : A — L(X,Y) is uniformly countable addi-
tive, with myw (E) = m(E), for £ € Afy and Ay, = {Af s (U W) €
U x W} the lattice with the order given with inclusions of U € U and
W € W, respectively;

(c) Afyy the greatest d-subring of A where myy is continuous and Af ), =
{ALw; (U, W) € U x W} the lattice with the order given with inclusions
of U e Y and W € W, respectively.

Analogously for Vv, Vi, Vi, with (W, V) € W x V, and Vyyy, Vi,

c
A%

Lemma 2.3 The lattices Ay, Afyyy are sublattices of Ayyy. Analogously for
vWJ}, v%,v and Vg/v’v

Concerning the continuity on Ay w, Vw.y, cf. [20]. Denote by Ayw & Viyy
the smallest -ring containing all rectangles A x B, A € Ayw, B € Vv, where
(U,W)eUd xW, (W, V)eW x V.

If Dy, Dy are two d-rings of subsets of 7', S, respectively, then clearly o(D; ®
D;) = 0(D;) @ 0(Dsy). For every E € 6(D; ® D) there exist A € Dy, B € Ds,
such that E C Ax B. For ECT x S, s€ S, put

E={teT;(ts) € E}.

2.4 Measure structures

The Dobrakov integral, cf. [3], is defined in Banach spaces. Since X and Y
are inductive limits of Banach spaces, there is a natural question whether an
integral in C. B. L. C. S. may be defined as a finite sum of Dobrakov integrals
in various Banach spaces, the choice of which may depend on the function which
we integrate. In [12] it is shown that such an integral may be constructed. The
sense of this seemingly complicated theory is that, at the present, this is the only
integration theory which completely generalizes the Dobrakov integration to a
class of non-metrizable locally convex topological vector spaces. A suitable class
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of operator measures in C. B. L. C. S. which allow such a generalization is a class
of all op-additive measures.

For (U, W) € U xW we say that a charge m is of o-finite (U, W)-semivariation
if there exist sets E; € Apw, ¢ € N, such that T = |J;2, E;.

For ¢ € ®, we say that a charge m is of o,-finite (U, W)-semivariation if for
every U € U, the charge m is of o-finite (U, p(U))-semivariation.

We say that a charge m is of o¢-finite (U, W)-semivariation if there exists a
function ¢ € ® such that for every U € U the charge is of o,-finite (U, W)-semi-
variation.

Let W € W. We say that a charge u : X — Y is a (W, 0)-additive vector
measure, if u is a Yy-valued (countable additive) vector measure.

Definition 2.4 We say that a charge p : ¥ — Y is a (W, 0)-additive vector
measure, if there exists W € W such that p is a (W, o)-additive vector measure.

Let W € W and let v, : ¥ — Y, n € N, be a sequence of (W, o)-additive
vector measures. If for every ¢ > 0, F € X, pw(vp(E)) < oo and E; € X,
E;NE;=0,i+#j,1,j €N, there exists Jy € N such that for every J > Jy,

i=J+1

uniformly for every n € N, then we say that the sequence of measures v,,, n € N,
is uniformly (W, o)-additive on X, cf. [15].

Definition 2.5 We say that the family of measures v, : ¥ — Y, n € N, is
uniformly (W, o)-additive on ¥, if there exists W € W such that the family of
measures v, n € N, is uniformly (W, o)-additive on X.

The following definition generalizes the notion of the o-additivity of an oper-

ator valued measure in the strong operator topology in Banach spaces, cf. [3], to
C.B.L.C.S.

Definition 2.6 Let ¢ € ®. We say that a charge m : A — L(X,Y) is a o,-
additive measure if m is of o,-finite (U, W)-semivariation, and for every A €
Ay, ) the charge m(AN-)x: 3 — Y is a (p(U), 0)-additive measure for every
x € Xy, U € U. We say that a charge m : A — L(X,Y) is a og-additive
measure if there exists ¢ € ® such that m is a o -additive measure.

In what follows, m : A — L(X,Y) and 1: V — L(Y,Z) are supposed to be
operator valued og- and og-additive measures, respectively.

The notation Th. 1.8, resp. Th. I1.7, resp. Th. III.2, stands for Theorem 8
from the first, resp. Theorem 7 from the second, resp. Theorem 2 from the third
part of Dobrakov sequence of papers on integration in Banach spaces, cf. [3],[4]
and [5], respectively.
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3 Bornological product measure

Definition 3.1 We say that a (bornological) product measure of a og-additive
measure m : A — L(X,Y) and og-additive measure 1 : V — L(Y,Z) exists on
A®V (wewritem®1: A®V — L(X,Z)), if there exists one and only one
or-additive measure m ® 1 : A ® V — L(X, Z) such that

(m®I1)(Ax B)x =1(B)m(A4)x

for every x € Xy, A € Ayw, B € Vv, where there exists y € I', p € ©, 9 € ¥,
such that y =Y op and V C (W), W C p(U), v(U) C ¥(e(U)).

Remark 3.2 From the Hahn-Banach theorem and the uniqueness of enlarging
of the finite scalar measure from the ring to the generated o-ring, there is implied
that if

n;,nyg: AU,W X VVV,V — L(XU, Zv),

are two o,-additive measures (v € I') such that n;(A x B) = ny(A x B) for every
A€ AU,W; B e VWJ/, then n; =n,; on AU,W (02 VW,V-

Remark 3.3 Definition 3.1 differs from that of Dobrakov [5], Definition 1, in
reduction to Banach spaces. Instead of the general A ® V we deal only with
Auw @Vwy, VCyYW), W CoU), v(U) C (e(U)). In fact, only our case is
needed for proving the Fubini theorem in [5].

Remark 3.4 Let (Ul,Wl,‘/i), (UQ,WQ,‘/Q) eU x W x V. Then

(Ul,Wl) < (U2; WQ) = AU2,W2 C AU1,Wl7
(Wh ‘/1) << (W27 ‘/2) :> AWQ,VQ C AWLVI'

In general, for a fixed W € W,
(U1, 1) < (Us, Va) = Ay, w @ Viy, C Ay w @ Viry

and we may say nothing about the uniqueness, the existence, etc. of W € W.
However, we guarantee the uniqueness of the measure in the case if it exists.

Lemma 3.5 Let (UW,V) € U x W x V such that V. C (W), W C ¢(U),
v(U) C ¥(p(U)). If for every x € Xy there ezists a Zy-valued vector measure
ny on Apw @ Vy, such that

le(A X B) = lW,V(B)mva(A)X

for every A € Ayw and B € Vyy, then the product measure m ® 1 exists on
A®V.
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Proof. For e Ayw ® Vv and x € Xy put

(myw @ lwy)(E)x = ny(E).
We have to prove that
(8) Do, 153 (E) = any (E) + fny,(E), and
(b) Jim ne(E) =0,

for every £ € Ayw ® Vv, X,X1,X2 € Xy and all scalars o, 8 € K.
Denote by R the ring of all finite unions of rectangulars of the form A x B,
where A € Ayw, B € Vyy. Denote by

Varv(z'nx, ) . AU,W X VWJ/ — [0, OO]

the variation of the real measure z'ny : Ay @ Vyyy — [0, 00], for 2’ € V° where
V0 is the polar of the set V € V. We will use the following fact:

(c) Let 2 € V? and F € Ayw ® Viy. Then the inequality
|(ny(E)) — ny(Ey), 2')| < vary(2'ny, EyAEs),

for By, Es € Ayw ® Vv, and [11], Theorem D, § 13, imply that for every
€ > 0 there exists a set ' € R, such that

[(0(B) — ny(F), )] < <.

Let «,3,x1,x2 be given. Then (a) holds for E € R since ny(A x B) =
lwv(B)myw (A)x for every A € Ayw, B € Vyy, the values lyyy @ myy are
linear operators and ny is an additive function. From (c) and the Hahn-Banach
theorem for Banach spaces it follows that (a) holds for every £ € Ayw @ Vwy.

To show that (b) holds, let £ € Apw ® Vwy and consider A € Ay,
B € Vyy, such that E C Ax B. Let FF € RN (A x B). Without loss of
generality we may suppose that

F = U(AZ X Bl), where Az € AU,W) Bz € VW,V;
i=1
and B; are pairwise disjoint, ¢ = 1,2, ...,r. But then

[(nx(F), ) < pv(nx(F)) = pv (Z Ny (A4; X BZ-)> =pv (Zl(Bi)m(Ai)x>

< pu(x) - [[m|lpw (A) - Iy (B)
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for every 2/ € VP, Since B € Vy v, the uniform boundedness principle implies
that

|lm||gw(A) = sup [|m(-)x||w(A) =sup sup vary (ym(-)x, A) < oo.
xeU xeU y/'eWo

Thus,

lin% (ny(F),2")| =0
uniformly for F € RN (A x B) and 2 € VY, V € V. Using (c) we easily obtain
(b) for every F € AU,W & VW,V' O

Lemma 3.6 Let (U,W,V)eU xW x V. Then

(i) for every E € Apyw @ Vwv and every x € Xy the function s — m(E®)x,
s €5, is bounded and Vv -measurable;

(i4) for every E € Afy ® Vwy the function s — [[m(E®)|pw, s € S, is
bounded and V. -measurable;

(ii) for every E € Afy, @ Vv the function s — myw(E®), s € S, is bounded
and Vv -measurable.

Proof. Let us prove the item (i). Suppose that £ € Ay ® Vi and x € Xy
Take A € Ayw and B € Vyyy such that £ C A x B. Denote by M the class of
all sets N € Ayw ® Vv N (A x B) for which (i) holds. Then clearly M contains
the ring R N (A x B), where R is the ring of all finite unions pairwise disjoint
rectangulars A; x By, for Ay € Ayw, B € V. Since

S;lelgpw(m(Ns)X) < lm()x[low(A) < oo,

for every N € M and since each Vyy-measurable function belongs to the closure
of the pointwise limits in the topology of Xy, U € U, the g-additivity of the
measure m(-)x on Ay y implies that M is a monotone class of sets. By [11],
Theorem B, § 6, we have that

M :AU,W(X)VW’VQ(AX B),

and, therefore, £ € M.
The assertions (ii) and (iii) may be proved analogously using the continuity

and finiteness of semivariations ||m||yw on Ay y, and iy on Af y,, respectively.
O
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4 Existence theorems

Theorem 4.1 The product measure m®1: A®QV — L(X,Z) ezists on ARV if
there exists W € W such that for every (U,V) e U xV, every E € Ayw @ Vv
and every x € Xy, the function s — m(E®)x, s € S, is Vyy,y-integrable. In this
case

(mU,W ® lwv)(E)X = /Sm(ES)X dl (1)

for every E € Ayw ® Vv and every x € Xy.

Proof. Suppose that the product measure m®1: A® V — L(X,Z) exists on
A ® V. Let it hold for the set W € W and let x € Xy, (U, V) € U x V. Denote
by D the class of all sets G € Ayw ® Vv for which the function s — m(G*)x,
s € S, is Vyy-integrable and for which the assertion (1) holds. Then clearly
D is a subring of Ayw ® Vv which consists of all rectangulars A x B, where
A e Ayw, B € Vy,y. Show that D is a 0-ring, cf. [11], Theorem E, § 33.

Let G, € D, n € N such that G, \, G and let F' € c(Apw ® Vy). Then
from the o-additivity of the vector measure m(-)x : Ay — Yy we have that
m(G2)x — m(G*)x for every s € S. So, the function s — m(G*)x, s € S, is
Vw.y-integrable. Further, (1) and the o-additivity of the vector measure

(myw @ lwy)()x: Ayw @ Vwy — Zy

imply that
/ m(G)xdl — (m @ 1)(F N G)x,
F

where FNG € Ayw @ Vv for every F' € o(Apw @ V). Then the function
s — m(G*)x, s € S, is Vyy-integrable and (1) holds for G. Thus, G € D and,
therefore, D is a d-ring. Since x € Xy is an arbitrary vector, the first and the
second assertion of the theorem is proved.

Suppose now that there exists W € W such that for the given set £/ € Ay ®
Vwyv, every (U, V) € U x V and x € Xy, the function s — m(E*)x, s € S, is
Vw,v-integrable. For x € Xy and E € Ayw @ Vv, put ng(E) = [ m(E*)xdlL
Since ny(A x B) = lyv(B)myw(A)x for every A € Ayw, B € Vyy, clearly
ny : Ayw ® Vwy — Zy is a o-additive measure. Let x € Xy and suppose
that £, € Ayw ® Vwy, n € N, are pairwise disjoint sets with the union £ =
U, En € Apw ® Viyy. We have to show that ny(E) = |J,~, nk(E,), where
the series unconditional V-bornological converges. Take A € Ayw, B € Vyy
such that F C A x B and consider the o-ring Apw @ Vv N (A x B).

Since the measure ny : Ayw @ Vyy N (A x B) — Zy is additive by the
Orlicz-Pettis theorem, see [9], IV.10.1, it is sufficient to prove that

e}

(nx(E), Zl) = Z<HX(En)> ')

n=1
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for each 2’ € V°, where the series unconditional V-bornological converges.
Let E*, n € N be some permutation of the series of the sequence E,, n € N

n’

and let 2/ € VO, Then for every n € Nand U € U, W € W, we have

e S (07)
_ </Sm <(§1E> )xdl,z’>
_ /Bm<(z E) )Xd(z’l)

i=n-+1

/SHm(')XHUW (( U Ef) ) dvarw (71, ).

i=n-+1

[ (-)x||uw ((U Ef) ) N0,

where n — oo for every s € S, from the o-additivity of the vector measure
mU’W(-)X . AU,W — YW7 we have

[m(-)x]low << U E) ) < [lm()x|[yw (B) < oo

i=n+1

IA

Since

for every s € S, n € N, and since
vary (21, B) < pyo(2') - Iy (B) < oo,

by the Lebesgue dominated convergence theorem we get

/Hm(-)xHUW (( U E) ) dvary(z1,-) — 0 as n— oo.
s i=n+1
Thus,
Z<HX(E;)= Z) — (nx(E), 7).
n=1
The theorem is proved. o

Remark 4.2 For Fréchet spaces Theorem 4.1 holds also in the inverse direc-
tion, i.e. it gives the necessary and sufficient condition of the existence of the
bornological product measure m ® 1.
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Let g : S — Yw be a Vyyy-measurable function and define the submeasure
lwv (g, B) for B € o(Vw,y) by the equality

lyyv(g, B)
= sup {py [ 0} s € oy Vi) s € 5 pw(h(s) < pla(s) -

Let us denote by Ly, (1) the space of all integrable functions with the bounded
and continuous seminorm ly v (-, B).

Let us recall Th. II.1, 1.2, I1.3, IL.5, 1.6, and moreover, when dealing with
Vw.v-measurable functions in paper [4], then also Th. II1.16 and II.17. These
facts we will use freely.

From Theorem 4.1 and definitions we easily obtain the following theorem.

Theorem 4.3 Let (U,W,V) € U x W x V. Let the product measure myy ®
lwv @ Apw @ Vv — L(Xy,Zy) exists. Let E € o(Apw ® V) and let
f:T®S— Xy be a Ayw @ Vy-measurable function. Then

Im @ 1|y (E) < Lyy(|m|ow(E*),S)

and

—

m &)y (£, E) < lyy(tgw (-, s), E%), S).
In the special case of E = A X B, A€ Ayw, B € Vv, we have

lm @ 1|y (A x B) < lmljgw(A) - Ly (B) < 0

and

—

(m @)y (Ax B) < myw(A) - Lyy(B).

—

Thus (m ® 1)y is a finite set function on Ayw @ V.

Theorem 4.4 LetU eUd, W € W and V € V. Then
(1) the product measure myw @ lyy exists on Ayw ® Vivys

(1)) myw @ lyy is a o-additive measure in the u-(U,V)-operator bornology on
A&W ® V%V,V;

—

(ii) the semivariation (m @ 1)y,y is continuous on Agy, @ Vi, .

Proof. (i) Let F € Ayw ® Vi, and x € Xp. Lemma 3.6(i) implies that the
function s — m(E£?)x, s € S, is bounded and V7§ -measurable. Since

{s €8 m(E*)x # 0} € Vi,
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and the semivariation Iy, is continuous on Viyy, the function s — myw (£°)x,
s € S, is Vyyy-integrable. Since F' € Ayw ® Vi, and x € Xy are arbitrary, by
Theorem 4.1 the product measure myw ® lyy exists on Ayw @ Viyy.

(ii) It is easy to see that the product measure myw ® lyy is u-(U, V)-o-
additive on Afy ® Vi if and only if E, € Al @ Vi, n €N, and E, \,
implies that |m ® 1||pv(E,) \, 0.

Let E, € Aty ® Vipy, n € Nand E, \, 0. By Lemma 3.6(ii) the functions
s+ |mllyw(E;), s € S, n €N, are W-bounded and V7§, -integrable. Since

{s € 5; |mllow(ET) # 0} € Viyy,

they all belong to the class Ly (1).
Since myy is a u-(U, V)-countable additive on Ay, and since E; € Ay,
for every s € S and n € N, then

lim [jmllyw(£;) =0

n—oo

for every s € S. Then by Th. I1.17 and Theorem 4.3 we get

Im @ 1wy (E,) < lwy(lmfow(ES),S) N\, 0.

The assertion (iii) may be proved analogously to the second one. O

5 A Fubini-type theorem

Let W € W and (U,V) € U x V. Denote by d(Ayw ® Vwy,X) the closure
of the set o(Apw ® Vv, X) of all Ay ® Vyy-simple integrable functions
on T' x S with values in X in the supremum norm py in the Banach space of
all U-bounded functions on 7" x S. For elements from o(Ayw ® Vv, X) the
following Fubini-type theorem holds.

Theorem 5.1 LetU cU, W € W and V € V. Let the product measure my y &
IW,V exist on AU,W@VWV' Letf € 6:<AU,W®VW,V7 X) and let F' € AU,W®VW,V
(if myw(T) - Ly (S) < oo, then let F € o(Ayw @ Vwy)). Then

(a) fxr is a Ayw @ Vwy-integrable function;
(b) for every s € S the function (-, s)xr(-,s) is Ayw-integrable;

(c) for every E € o(Apw @ Vwy) the function s — [, £(-,s)xr(-,s)dm,
s €5, is Vyy-integrable and

/ fyrdm®1) // s)dmdl

holds for every E € o(Ayw @ Vwy).
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Proof. Let f, € 0(Auw ® Vwy,X), n € N, be a sequence of functions such
that

£, — £l|l7xso — 0.

Take Ag € Aaw, B e VWJ/, such that F' C Ay x By (lf ﬁlUM/(T) . in/(S) < 00,
take Ay € o(Apw), B € 0(Vwy)). Thenf,(t,s) — £(¢,s) for every (¢,s) € T'xS.
If £e O'(AU’W X va), then anE € 5(AU,W 0% VI/V,V) for every n N.

—

(a) From the definition of the semivariation (m ® 1)y, and Theorem 4.3 we
have

pv </E foxrdm®1) - /EkaF d(m ® 1))

—w ([ th-tyaman)

< ||, — fillrxso - (M) (F)
< ||fy — fillrxsv - My w(Ao) - lwv (Bo)

for every E € o(Apyw ® Vy) and every n, k € N. Since my w(Ay) - iWy(BO) <
0o, we obtain that fyp is a Ayw ® Vi y-integrable function and

/anFd(m®l)—>/fXFd(m®l)
E E

for every £ € o(Apyw @ Viy).
(b) Let s € S. Then

pe ([ Bt am = [ fis)rs)am)
< |0 — fillrxsv - My (Ao)

for every A € o(Apyw ® Vwy) and n,k € N. Since myw(A4p) < oo, then by
Th. 1.7 the function f(-, s)xr(-, s) is Ay w-integrable and we have

[ st am = [ £t dm

for every A € o(Ayw). In particular,

[ Contsdm = [ gl dm

Es

for every E e O'(AU,W &® VW,V)~
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(c) Let E € o(Auyw ® Viyy). Then using Th.I.14., we get

pv(//s s)xr(,s) dmdl //fk s)xr(-, )dmdl)

< sup o ([ (Eio9) = o) dm) T (B0 @)

r€ By
< ||f, = fillrwsw - mpw (Ag) - Iy (Bo)

for every By € o(Vwy) and n,k € N. Since myw(Ap) - iW,V(B()) < oo, the
relations (1) and (2) imply according to Th. .16 (||f, — fi||rxsu — 0 whenever
n,k € N) that the function s — [, f(-,s)xr(,s)dm, s € S, is Vy,-integrable
and, therefore,

// s)xr(: dmdl—>// s)dmdl.

It is enough to note that by Theorem 4.1 there holds

/anFd m® 1) // ,s)dmdl
E s

for every £ € o(Ayw ® Vy) and n € N. The proof is complete. O
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