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THE LIAPUNOV VERSION OF CENTRAL LIMIT
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In this paper a proof of the binomial formula for option pricing is presented using the
method of mathematical induction. Weak convergence of this discrete model to the Black-
Scholes model will be guaranteed by the Liapunov version of central limit theorem.
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1. Introduction

The inspiration for this work was provided by Cox, Ross and Rubinstein (1979). In their
paper “Option Pricing: A Simplified Approach” the binomial option pricing model was
derived by a recursive procedure and a hypothesis of a convergence of this discrete model to
the well known continuous Black-Scholes model was presented.

In this paper we first formulate some conditions under which the binomial formula for the
prices of European call options will be proved using the method of mathematical induction.
Further we show, that using the Liapunov version of central limit theorem, weak convergence
of discrete model to continuous model can be guaranteed.

European call option on stock is a financial derivative, which gives the owner the right
(but not the obligation) to buy one unit of stock at the specified price K (the exercise price) at
time T (expiration date). The main problem is to price this option on stock n periods before
expiration date. For this purpose we consider the following assumptions:

1) the stock price follows a binomial process over discrete periods;

2) the stock pays no dividends;

3) the riskless interest rate is constant through time;

4) it is possible to borrow and lend any amount by the same interest rate;
5) it is possible to buy, borrow and lend any fraction of a security;

6) there are no taxes, transaction costs, margin requirements;

7) ashort sale is possible;

8) an arbitrage is not possible;

9) options are of European type.

More precisely the first assumption means, that if the present stock price is S, then the stock
price at the end of the first period will be uS with probability g and dS with probability 1-g,
where 0 <d <1<u and we put d =1/u.

Under assumptions 1 to 9 for the price of a stock option n periods before the expiration by
Cox et al. (1979) the following formula holds:

_1 : n! i n-j i gnei
C(n)_r_njz_(;mp‘(l—p) max {0,u’d"JS — K], M)

where p=(r—d)/(u-d), r=1+r,, r, is riskless interest rate.
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Black and Scholes (1973) derived the continuous option pricing formula under similar
assumptions, but instead of 1) they assumed
10) the stock price S, follows a random walk process in continuous time and it is

lognormally distributed with expected return x and variance o”.
Under assumptions 2 to 10 for the option price at time t, te(O,T)by the following

formula holds:

C(t,S,)=S@(d,)-e""Kd(d,), )
S, ? S, ’
an+(r+2j(T -t) | an+(r—2](T —1)

where d, = , d, = ,and @(X) is standard normal
1 o T -t ’ o T -t ()
distribution function.

2. Binomial model
Now we prove the binomial formula (1) by the method of mathematical induction.

Theorem 1: Let the assumptions 1 to 9 in the introduction section hold. Then the value of a
call option on stock n periods before the expiration is given by (1).

Proof: We will prove the formula (1) using mathematical induction with regard to n in two
steps.
Step 1. We prove (1) for n=1.

Let C (1) =C be the value of a call option at the beginning of a period. Let C, be the value of

a call option at the end of a period, if the stock price is US and Cg, if the stock price is dS. So
C, =max{0,uS —K} with probability ¢ and C, = max {0,dS —K} with probability 1-q.

Cox et al.(1979) used for finding the price of an option a portfolio constructed from stocks
and a risk free asset AS + B, where A is the number of stocks and B is risk free asset. At the
end of the period the value of the portfolio is USA+rB with probability g, or dSA+rB

with probability 1-q. The values for A and B are chosen so, that at the end of the period the
value of the portfolio will be equal to the value of a call option, e.g.

uSA+rB=C,, dSA+rB=C,.
Solving these two equations we have
A= M , B= M . (3)
(u-d)s r(d—u)

By assumption 8 arbitrage is not possible. So the value of the portfolio at the beginning of the
period with A and B from (3) has to be equal to the value of a call option at the beginning:

C,-C, uC,—-dC, 1(r-d u-—r
C(1)=SA+B=—1—"¢ d L= C C, |. 4
(1)=sa+ u-—d +(u—d)r r( ’ dj *)

u-d " u-d
Substituting p:(r—d)/(u—d) and 1— p:(u—l‘)/(u—d),we can write (4) as:
C(l)=%(pCu +(1- p)cd)=%(pmax{o,u5— K}+(1- p)max{0,dS —K}),

what is (1) for n=1.
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Step 2. Let the induction assumption holds for n=k, e.g.
1 & k! i K- j ke
C(k)=—> ————p'(l-p) max{o,u'd"'S-K{. (5)
We will prove that (5) implies (1) for n=k+1.
Let n=k+1. We are k+1 periods before the expiration of a call option. If the value of the
stock after k+1 periods is Wd“* S, similarly the value of a call option after k+1 periods is

C = max {0,u’d*"IS — K} vj=0,..k+l.

The value of a call option, when we are in k-th period and we have one period to the
expiration is

u]dk+1—J

1 .

Cy (1)= F( PC, s +(1=P)Cliyr ) Vi=0....k. (6)

By the induction assumption (5) and after substituting formula (6) we have

Kk

Ck+1)=— Z i 1=p) ' [PCyuges +(1=P)C,pera | =
= ! !

_ 1 i k‘ pj+1(l_p)k—]c " 1 zk (1_p)k+1 jC
rk+1 ~ J'(k— J)' ulitigk-i k+1 z '(k ) uligk-i+t

If we now substitute in the first sum m = j + 1, we have

C(k+1)=

k-m+1
) Cumdkfmﬂ +

1 K+1 k'

T ok —many P 0
1 X k! i . N

+ k+1 (Z -'(k— -)' pj(l_ p)k - JC uigk-it (1_ p)k ICuodk”j:

r = j! i)
1

1 K k' k-m+1
= — k+1C K+l 40 m 1_ C mq k-m+l
o PR ¥ mz_ll(m—l)!(k—erl)!p (1-7) wngmn
k

1 k! ; kel j 1 K+l
k+1 JZ:I J'(k J)' pJ (1— p) Cujdkfj»fl +rkT(1_ p) Cuodk” .

: . . k K k+1 k k!
Using the combinatorial formula | _ |+| . =| . |,where|  |=——— we get
i) -1 j i) Ji(k=J)!

1 (k+1)' k+1 0 1 &(k+1 i k+1—j
C(k+1 (11— C K0 T kil . (1= C igk-itt
( + ) k+1 (k+l) (k+l_(k+l))!p ( p) ud +rk+1z J p ( p) uld

j=1
1 (k+1)t e 1 el (K +1Y) ko]
+ rk+l O'(k+1_0)' p (1_ p) 0dkl - k+1 ( J - p) Cujdk+l—j ’

what is (1) for n = k+1.

O

To prove the convergence from (1) to (2) we need modify formula (1). Let a be the
smallest non-negative integer satisfying inequality u®*d"?S >K , e.g. a>In d}”<8 / ln%. Then

we can rewrite formula (1) to:
n

e 3 Jo -9y wars k)

r"
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" (n . iuld™l K<L (n ) i
=SZ[-JD’(1—D)’ — [.]pj(l—p) K
=\ r r' s\

The latter sum represents the complementary binomial distribution function with parameters
(n,p) in a

n

E”’P(a):zmjp (1-p)"~' =1- z[j (1-p)"' =1-B"*(a)-

j=a

. .. . . « u
The first sum can be also expressed in similar way if we substitute p =—p, where
r

p=(r—d)/(u-d).
So we can write formula (1) as
C(n)=SB"" (a)-Kr"B""(a), for a<n, (7)
C(n)=0 for a>n.

Variable p here is the value, the probability q would have, when the investor was risk
neutral. Since in formula (7) we have not variables that say something about investor’s
preferences, we can assume, that investor is risk neutral. We will use this assumption further
in this paper.

2. Limiting model

By deriving the binomial option pricing formula (1) there is no assumption what one
period is. It could be a minute, second, year. So by increasing the number of periods
(decreasing the length of the periods) we can converge to some continuous model. Cox et al.
(1979) showed that it will be the Black-Scholes model (2). In this paper we will use Liapunov
version of central limit theorem (see Neuts, 1973) to prove this hypothesis precisely.

Theorem 2: (Liapunov central limit theorem)
Let {X,},, be the sequence of independent random variables with finite means E(X, ) and

variances D(X, ), let S, —ZXk , 9, —(Sn—E(Sn))/JD(Sn) and moreover
l " E =0. 8
im > (X -E(x)) (8)

Then
limP(§n<x):®(x), xeR.

Theorem 3: Let the assumptions 1 to 9 hold. Then
limB"" (a)=d(x), )

n—oo

lim B (a) =@ (x-o/t), (10)
> .
where X:L+Eo-\/f.

ot
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Proof:
Let us have n periods before expiration and direction U occurs j times. Then the stock price

after n periods is S* =u'd""’S and using logarithm we have
ln%zjln%+nlnd=jlnu+(n—j)lnd, (11)
When we put X; =a Inu+(1-a)Ind, i=1..n, where a ~ Bi(l,p), a are independent

random variables, we have from (11)

lrlsS -3 X, - (12)
i=1

Now we have to show that the conditions of central limit theorem are fulfilled, e.g. E(X;),

D(X;) are finite and the Liapunov condition (8) holds.
We know, that E(a)=p, E(a’)=pand D(a)=p(l1-p) Vi=l..n,so

E(X,)=E(amu+ind—alnd)= pln%ﬂnd = i1, <o0. (13)
D(X,)=E(X?)=(E(X,)) =E(a (nu)’+2a (1-a ) Inulnd +(1-a,)’ (Ind)" )~ (E(X,))" =
= p((Inu)’ ~(Ind)’)+(Ind)’ ~(p(Inu-Ind)+Ind)’ =
= p((Inu)’~(Ind)’)+(Ind)’ - p* (Inu-Ind)’ ~2p(Inu~Ind)Ind - (Ind)’ =
= p((lnu)z—(lnd)z— p(lnu)2+2plnulnd - p(lnd)2—2lnulnd +2(lnd)2):

= p(1-p)((Inu)’ ~2Inuind +(Ind)’) = p(1- p)(ln%j =62 <o0. (14)

We already know, that mean and variance of X, are finite and now we have to show that
Liapunov condition (8) holds. First we calculate the absolute central moment of third order.
We know

X,—E(X;)=aInu+(1-a)Ind - pln%—lnd =(a,—p)lnu—(a—p)lnd =(a - p)ln%,

|Xi_E(Xi)|:

u
—|ai - p|1nao

(ai—p)ln%
where Ela, - p| = Ela, —E(ai)|3 =p*(1-p)+(1-p) p=p(1- p)(1-2p(1-p))- So

3 Ela,—p =(ln%)3 p(1-p)(1-2p(1-p))-

3

E[X,—E(X,)|

mY
d
From this and using (14):
n 3
ZEIXi—E(Xi)F n(lngj (p(1=p) +p(1-p))
li i= =N =
(o) .

i=1

:hm(m;j (PO-PV+20-0) (i ppp

=1i
n—oo 3 n—oo _
np (1 p) (ng Jp(1-p)
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Now consider fixed length of time to expiration t divided into n trading periods. Clearly,

the interest rate f depends on the length of periods, f = r% . By Cox et al. (1979) also the
variables p, u, d will depend on t/ n as following:

1,
t i Inr—-—o
1 1
u= ef d=e \f,p p(n)= 2+2Tz t/n.
So lim p (n) =1/2, and the Liapunov condition is fulfilled

)
*—flim~ 2/ \2) _
"
5.(n

Now we can apply central limit theorem. Let us remind, that ] p!(1- p)”’j =B""(a),
j=a J

what is the probability, that j>a. That is equivalent to 1-B"™"(a)=P(j<a-1). This we can

N np a—-1-np
1-B™P( < . (15)
[\/np I-p \/np(lp)J

When we express variable j from (11), we have j= LIHSS_ nind ]/mg. From (12), (13),

v {1, oo of o

Substituting J into (15) and modifying we have

extend to

*

IS—"n
g T 1-np

&px/ﬁ . \/np(l— p)

1-B™"(a)=

We also know, that a is upper round part of the expression In d}”<S / In % , and so
K K

In—— In——-nlnd
a—1=—dS_,__S — ¢, where £€(0,1).
lnE In—
d d

Substituting into previous expression we have

s

lnS——An lnﬁ—nA —<91nE
s M s M d

16
&,\n - &,\n (1o

1-B"P(a)="P

.. . N ~ u
Now we have to calculate limits of expressions N, o,v/n and & lna.

n—oo n—oo

lim Ine = lim,?_o-\/z 0= 1imgln§= 0.
n

n—oo

Because p(n)—1/2 for n— oo we have:
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A . u .. t
%1_{2%\/” =%1_r>g,/np(1— p)lnazrlgg,/np(l— p)2o /ﬁ =
11
=lim2o.tp(1- p) =20, [t== = o/t .
lim20\/tp(1-p) =20t oVt

For N/, we have

limnz, —hmn(plnd +lnd)—hmn{2poqf%—0'\/7J—11m20'\/>(p——j_

and this gives us uncertain expression 0.0 for N — co. But using twice L Hospital theorem

for the function f (x)= 20+/tx [ (x )—5] we get

t t 2t

%r Inr+— (lnr) X—TrX 11 5 5
A ~ lim 4t =4t — —lnr—T =t lnr—7 .

7 eg\g + e_g‘E 2\2

Summarizing:

2 u
n[,p_y((lnr_%j for n -0, 6,vn > oyt for n— oo, 51115—)0 for N —o0.

So we have

K 1
S d __srt 1 g\/_ Z for n— oo,

s ot T ot

Using the central limit theorem and from (16) we have:

lim[1-B""(a)]=1-1limB"" (a)=®(Z),

n—w n—ow

and that equals to limB"P(a)=1-®(Z)=®(-Z). Substituting Z we have:
< In Si In>> Sr
limB™P(a)=®| - Sr! ——0'\/— 0'\/_ — 0 4 0'\/— ot |-
N0 ( ) 0'\/7 2 o \/’ 2 O.\/’
In S
When we denote x = |i/,r_t +—o+Jt, then the previous expression can be rewritten to
(o)
limB""(a)=® ( X— ot ) , what is (10). The prove of equation (9) is similar.
1
Calculating the limit for the binomial option pricing model in (7), we get
limC (n) = lim (SB™ (a) K¢ "B"" (a)) = S®(x) - Kr ‘& (x—o+t),
>
where x = Kr™ +lg\ﬁ . That is the continuous Black-Scholes valuation formula similar to
ot

formula (2), with the difference, that in (2) they compounded continuously.
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Using real data from NYSE we can illustrate the speed of convergence of binomial model
to Black-Scholes model. For this we use the stock of Wallmart. On the February 2™ 2002 the
stock price was 62,1 USD. The price of european option on that stock with expiration in
march and exercise price 55 USD was 7,1 USD. The price, Black-Scholes model gives us, is
7,14544095 USD and using binomial model with three periods to expiration we have
7,14253654 USD, with eight periods 7,14441930 USD and with thirty periods 7,14525244
USD what is now the same in three decimal positions as the price calculated using Black-
Scholes model.
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