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Abstract

This paper is concerned with the asymptotic behavior of solutions of
nonlinear differential equations of the third-order with quasiderivatives.
We give the necessary and sufficient conditions guaranteeing the existence
of bounded nonoscillatory solutions. Sufficient conditions are proved via a
topological approach based on the Banach fixed point theorem.
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1 Introduction

Consider the third-order nonlinear differential equations with quasiderivatives of

the form /

L)) fa@sem) =0, t>a ()
G 7 0) )

p(t) \r(t)
Throughout the paper, we always assume that
r,p,q € C(la,0),R), r(t) >0, p(t) >0, ¢(t) >0 on [a,c0),
feCR,R), f(wu>0 for u##0.
For the sake of brevity, we put
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ORI IR VAN (1:5/) _ Ly gl (1 (LE/) ) — (a2,
r p\r P p\r



2 IM Preprint series A, No. 8/2009

The functions z[?, i=0, 1, 2, 3 we call the quasiderivatives of .

By a solution of an equation of the form (N) we mean a function w : [a, 00) —
R such that quasiderivatives wll(t), 0 < i < 3 exist and are continuous on the
interval [a,00) and it satisfies the equation () for all £ > a. A solution w
of equation (N) is said to be proper if it is nontrivial in any neighbourhood of
infinity, it means that satisfies the condition

sup{|w(s)| :t < s < oo} >0 for anyt> a.

A proper solution is said to be oscillatory if it has a sequence of zeros converging to
o0; otherwise it is said to be nonoscillatory. Furthermore, equation (N) is called
oscillatory if it has at least one nontrivial oscillatory solution, and nonoscillatory
if all its nontrivial solutions are nonoscillatory.

Let N(N) denote the set of all proper nonoscillatory solutions of equation
(N). The set N(N) can be divided into the following four classes in the same
way as in [3, 5, 14]:

={rx e N (N), 3t, : x(t
M ={zeN(N), It, : x(
Ny ={x e N(N), 3t (

Ns ={z e N(N), 3t, : z(t)zl(t) < 0, z(t)zP(t) <0 for t >t,}

The object of our interest are bounded nonoscillatory solutions of equation (N) in
the classes V] and N5, i.e. the solutions that belong to the following two classes

NP = {xGle lim |z(t)] :Mx<oo},

t—oo

NP = {x eNy: tlirilola:(t)] =M, < oo}.

Various types of differential equations of the third-order has been subject
of intensive studying in the literature. There are numerous results (see, e.g.,
2, 3, 4, 5, 14]) devoted to the oscillatory and asymptotic behavior of equation
(N). Many other authors deal with the qualitative properties of solutions of
differential equations of the third-order with deviating argument. Among the
extensive literature on this topic, we mention here [7, 8, 9, 12, 13, 15, 16, 17].

Fixed point theorems are important tool in the oscillation and nonoscillation
theory of ordinary differential equations. In particular, when one proves the
existence of nonoscillatory solutions. Various interesting results on this subject
and fairly comprehensive bibliography of the earlier work can be found in the
books [1, 11]. In the sequel, we will need the following fixed point theorem.

Theorem 1.1 (Banach fized point theorem) Any contraction mapping of a com-
plete non-empty metric space M into M has a unique fized point in M.
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The aim of this paper is to investigate the existence and asymptotic behav-
ior of some nonoscillatory solutions of equation (N). We give the necessary and
sufficient conditions for the existence of bounded nonoscillatory solutions in the
classes N7 and Ny. Our research is based on a study of the asymptotic properties
of nonoscillatory solutions as well as on a topological approach via the Banach
fixed point theorem. Presented results are interesting in themselves by virtue of
their necessary and sufficient character. Moreover, they complement and extend
some other results that have been stated in the papers [6] and [10], respectively.
Several illustrative examples are also provided.

Finally, we introduce the following notation:

[e%e] [e’e] t
[(ui):/ w;(t) dt, I(ui,uj):/ ul(t)/ u;(s)dsdt, i,j=1,2,

where u;, i = 1,2 are continuous positive functions on the interval [a,c0). For
simplicity, we will sometimes write u(0o) instead of lim; . u(t).

2 Main results

We begin our consideration with several results concerning the asymptotic behav-
ior of solutions of equation () in the class N;Z. The following theorem provides
the sufficient conditions for the existence of those solutions.

Theorem 2.1 Assume that function [ satisfies Lipschitz condition on some in-
terval [c, d] where ¢, d are constants such that 0 < ¢ < d. Let one of the following
conditions be satisfied:

(a) I(p,q) < oo and I(r) < oo,
(b) I(p,r) < oo and I(q) < oo.
Then equation (N) has a bounded solution x in the class N, i.e. NB # O.

Proof. We prove the existence of a positive bounded solution of equation (V)
in the class M.

Suppose (a). Let L denote Lipschitz constant of function f on the interval
lc,d], let K =max{f(u):u € [c,d]} and ty > a be such that

(/t:op(k) /t:q(l) dldk) (/:r(s) ds) < min{%,%ﬂ}_ )

Let us define the set

A = {u € C([ty,),R) : ¢ < u(t) <d},
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where C([tg, 00), R) will denote the Banach space of all continuous and bounded
functions defined on the interval [ty, 00) with the sup norm ||u|| = sup {|u(t)|,t > to}.
Clearly, A is a non-empty closed subset of C'([tp, o), R) and so A is a non-empty
complete metric space. For every u € A we consider a mapping 77 : A —
C([to, o0),R) given by

2u(t) = (Tru)(t) = c + / r(r) / " o(s) / TG Fu(k)) dk dsdr, £ > 1o,

to T to

In order to apply to the mapping 77 the Banach fixed point theorem (Theorem
1.1), it is sufficient to prove that 7} maps A into itself and 77 is a contraction
mapping in A.

By easy computation, we obtain

/t:r(T) /fp(s) /t:q(k) dk ds dr < </t:0r<7) dr) Ujp(g) /t:q(k) dkds).

(2)
T; maps A into A. In fact, x,(t) > ¢ and in view of (1) and (2), we get

nit) = et [ ["o) [ a9 i) avasas

to to

< c—l—K/t:r(T)T/TOOp(s)/sq(k)dkdsdT

to

< ¢+ K (/t:or(f) d7> (/t:op(s) /t:q(k) dk;ds) <d.

Now, let uj,us € A and ¢t > tg. Then, taking into account the inequalities (1)
and (2) and the fact that function f satisfies Lipschitz condition on the interval
¢, d], we have the following

(@) ~ Ca)®] < [ v [ 066) [ a0~ flua)) ks dr

to T to

< 2 [ v [ 06) [ ) — ot akdsar

to

T to
< LHul—UQH/ r(T)/ p(s)/ o(k) dk ds dr
t to

to

< Dl - ual e o) ( [ [ i )

L
L+1

This immediately implies that for every ui,us € A

<

|ur — us|| = Q|lur — uz||.

| Tyur — Thus|| < Qlur — us| where 0 < @ < 1.
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Hence, we proved that T} is a contraction mapping in A. Now, the Banach fixed
point theorem yields the existence of the unique fixed point z € A such that

x(t) =c+ /tT<7') /Oop(s) /S q(k)f(x(k))dkdsdr, t>to.

to T to

(1) = / " s) / gk (k) dk ds > 0

to
and .
o) == [ al)f(a(0)) d <0,
to
it is clear that z is a positive bounded solution of equation (N) in the class N,
ie. NP #0.
Suppose (b). Using similar arguments as in the case (a), we are led to the
conclusion that N # @. Therefore, we omit it. This completes the proof.
OJ
Theorem 2.1 is illustrated by the following example.
Example 1 Let us consider the differential equation

N’ 8t
2 2 / _ 2 = >
((t +1) ((+1)x (t))) + 2 1) 2 (t)sgnz(t) =0, t>2. (3)
This equation has the form (N) where r(t) (t) = L (t) = _8
uatl = =
q b 21! (22 4 1)

and f(u) = u?sgnu. Since function f is Lipschitz on the interval [1,2] with the

Lipschitz constant L = 4 and the integrals I(p,r), I(q) are convergent, Theorem

2.1 secures that equation (3) has a solution in the class N. One such solution
20 + 1

is the function x(t) = L
2 +1

We also have the following result for the solutions in the class N}7.
Theorem 2.2 If I(p,q) = oo, then NP = .

Proof. Assume that x € NP. Without loss of generality, we suppose that there
exists T > a such that z(t) > 0, 2l1(¢t) > 0, 2(t) < 0 for all t > T. Let
x(o00) = M, < co. As z is a positive increasing function and f is a continuous
function on the interval [x(7T), M,], there exists a positive constant m such that

m =min{f(u):u € [z(T), M,]}. (4)

Integrating equation (N) twice in [T, t], we obtain

00) = a0y 4221 [ pto)ds = [ p0o) [ ottty anas

T T T
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and therefore

o) < (T - [ 0(s) [ a0 s an s

T T

Using this inequality with (4), we have

(t) < 2(T) —m /T (s) /T (k) dk ds,

which gives a contradiction as ¢ — oo, because function x!l(¢) is a positive for
all t > T. The case z(t) < 0, zl(t) < 0, 2(¢) > 0 for all ¢ > T* (where T* > a)
can be treated in the similar way.

O

As a consequence of Theorems 2.1 and 2.2, we get the following result.

Corollary 2.1 Let function f satisfy Lipschitz condition on some interval [c, d]
where ¢, d are constants such that 0 < ¢ < d and I(r) < co. Then a necessary
and sufficient condition for equation (N) to have a solution x in the class NP is
that 1(p,q) < oo.

Now, we are interested in the existence and asymptotic properties of solutions
of equation (N) in the class N?. We state here the sufficient and necessary
conditions that guarantee the existence of those solutions. The following theorems
hold.

Theorem 2.3 Assume that function [ satisfies Lipschitz condition on some in-
terval [c, d] where ¢, d are constants such that 0 < ¢ < d. Let one of the following
conditions be satisfied:

(a) I(r,p) < oo and I(q) < oo,
(b) 1(q,p) < oo and I(r) < oo.
Then equation (N) has a bounded solution x in the class Ny, i.e N # O.

Proof. We prove the existence of a positive bounded solution of equation (V)
in the class Ns.

Suppose (a). Let L denote Lipschitz constant of function f on the interval
lc,d], let K =max{f(u):u € [c,d]} and t; > a be such that

(/tooor(k) /:p(l) dldk) (/:q(s) ds) < min{%ﬂ,d?_c}_ 5)

Let us define the set

A = {u € C([ty,©),R) : ¢ < u(t) <d},
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where C([tg, 00), R) will denote the Banach space of all continuous and bounded
functions defined on the interval [ty, c0) with the sup norm ||u|| = sup {|u(t)|,t > to}.
Clearly, A is a non-empty closed subset of C'([tp, o), R) and so A is a non-empty
complete metric space. For every u € A we consider a mapping T : A —
C([to, o0),R) given by

xu(t):(TQU)(t):c—i—/ r(7) /Tp(s) /Ooq(k)f(u(k))dkdsdn >t

to to s

In order to apply to the mapping 75 the Banach fixed point theorem (Theorem
1.1), it is sufficient to prove that 7, maps A into itself and 75 is a contraction
mapping in A.

It is easy to verify that the following inequality holds:

/t:r(T) /t;p(s) /soo q(k) dk ds dr < (/too q(k) dk) (/t:or(r) /t:p(s) dsdT)

(6)
T> maps A into A. Really, z,(t) > ¢ and in view of (5) and (6), we have the
following

nl) = et [ o) [(p6) [ atb s deds ir

to

c+ K/t: r(T;O/tOTp(S; /:O q(k) dk ds dr

< e+ K (/too a(k) dk;) (/t:om) /tOTp(s) dsdT) <d

Now, let uj,us € A and t > tg. Then, the inequalities (5) and (6) and the fact
that function f satisfies Lipschitz condition on the interval [c, d] yield

IN

(Taun)(t) — (Toua) ()] < / () /Tp<s> /Ooq(k)|f(ul(k))—f(Uz(k‘))ldkdsdT

to to s

< L/tT(T) /Tp(s) /OO q(k)|ui(k) — ug(k)| dk ds dr

to

to S
t T )
< LHul—ugH/ 7"(7')/ p(s)/ q(k) dk dsdr
to to s

< Ll — (/t:oq(k) dk;) (/t:or(f) /t:p@ dsd7>

L
L+1

These inequalities immediately imply that for every uy,us € A

<

|u1r — ug|| = Qufjur — ual|.

| Touy — Tous|| < Q1|ur — usl| where 0 < Q; < 1.
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Thus, we proved that 75 is a contraction mapping in A. Consequently, according
to the Banach theorem there exists the unique fixed point z € A such that

z(t) =c+ /tT(T) /Tp(s) /OO q(k) f(x(k))dkdsdr, t>t.

to to s

It is clear that x is a positive bounded solution of equation (V) in the class N5,
ie. NP #£0.

Suppose (b). The proof is the same as in the case (a) except for some minor
changes. Therefore, we omit it. The proof is now complete.

OJ
The following example shows the meaning of Theorem 2.3.
Example 2 We consider the differential equation
! 22 —-1)
2 +1) (22 (¢t ’)+ () =0, t>2. 7
(( ) ( ()) (t2+1)23rctg3t ( ) ( )

It is easy to verify that the assumptions of Theorem 2.3 are fulfilled and so
equation (7) has a solution in the class N”. Really, one such solution is the
function z(t) = arctgt.

Theorem 2.4 If I(q) = oo, then NP = Q.

Proof. Assume that x € V. Without loss of generality, we suppose that there
exists T > a such that x(t) > 0, zl(t) > 0, 2B(t) > 0 for all t > T. Let
x(o0) = M, < co. As x is a positive increasing function and f is a continuous
function on the interval [x(T), M,], there exists a positive constant m such that

m =min{f(u):u € [z(T), M,]}. (8)

By integrating equation (N) in the interval [T, t], we get

This equality with (8) yields that

22(t) < (1) — m/th(s) ds,

which gives a contradiction as t — 0o, because function z2(¢) is a positive for
all t > T. The case z(t) < 0, zlY(t) < 0, 22/(t) < 0 for all t > T* (where T* > a)
can be treated in the similar way.

U

From Theorems 2.3 and 2.4, one gets immediately the following result.
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Corollary 2.2 Let function f satisfy Lipschitz condition on some interval [c,d]
where ¢, d are constants such that 0 < ¢ < d and I(r,p) < co. Then a necessary
and sufficient condition for equation (N) to have a solution x in the class NP is
that 1(q) < oo.

Remark 1 Theorems 2.1, 2.3 and Corollaries 2.1, 2.2 are still valid if instead of
the assumption that function f satisfies Lipschitz condition on an interval [c, d]
where ¢, d are constants such that 0 < ¢ < d, we will require that function f
satisfies Lipschitz condition on an interval [dy, ¢;] where ¢;, d; are constants such
that d; < ¢; < 0. Under this assumption, in Theorem 2.1 (Theorem 2.3), we can
prove the existence of a negative bounded solution of equation (V) in the class
N1 (N2) by using similar arguments.

Remark 2 Similar investigation of the asymptotic behavior of the second order
nonlinear differential equations of the form

(r(H)2'()" +a(t) f(x(t)) =0, t>a

has been given in the paper [6]. Our results also extend some other ones published
in [10]. Finally, we refer the reader to the books [1, 7, 11] and to the references
contained therein for other interesting results on this topic.
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