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Abstract

Extending a recent result of Herrera Yañez, Maximenko and Vasilevski, we provide a further step in the structural
analysis of algebras generated by Toeplitz operators on weighted Bergman spaces over the upper half-plane. We
show that the set of “spectral” functions corresponding to Toeplitz operators generated by bounded vertical
symbols is dense in the C∗-algebra of very slowly oscillating functions on the positive half-line. To cite this article:
C. Herrera Yañez, O. Hutńık, E.A. Maximenko, C. R. Acad. Sci. Paris, Ser. I

Résumé

Les symboles verticaux, opérateurs de Toeplitz sur les espaces pondérés de Bergman sur le demi-
plan supérieur et fonctions à oscillation très lente En étendant le résultat récent de Herrera Yañez, Maxi-
menko et Vasilevski nous allons proposer un pas suivant dans l’analyse structurelle des algèbres générées par
les opérateurs de Toeplitz agissant sur les espaces pondérés de Bergman sur le demi-plan supérieur. Nous allons
montrer que l’ensemble des fonctions “spectrales” correspondant aux opérateurs de Toeplitz à symboles bornés
verticaux est dense dans la C∗-algèbre des fonctions à oscillation très lente sur la demi-droite positive. Pour citer
cet article : C. Herrera Yañez, O. Hutńık, E.A. Maximenko, C. R. Acad. Sci. Paris, Ser. I
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1. Introduction and description of results

The paper is devoted to the description of a class of Toeplitz operators acting on the weighted Bergman
spaces (depending on a real parameter λ ∈ (−1,+∞)) over the upper half-plane and of the C∗-algebra gen-
erated by them. For the upper half-plane Π = {w = u+iv ∈ C; v > 0} and the canonical weights ρλ(w) =
λ+1
π (2 Im(w))λ let dµλ = ρλ dµ be the weighted measure on Π with dµ being the Lebesgue plane measure

on Π. The weighted Bergman space A2
λ(Π) of analytic functions is a (closed) subspace of L2(Π,dµλ)

consisting of measurable functions f on Π for which the norm ‖f‖L2(Π,dµλ) = (
∫

Π
|f(w)|2 dµλ(w))1/2 is

finite. Given a function (generating symbol) g ∈ L∞(Π), the Toeplitz operator (TO, for short) T
(λ)
g acting

on A2
λ(Π) is defined as T

(λ)
g f = BΠ,λ(gf), where BΠ,λ is the orthogonal projection of L2(Π,dµλ) onto

A2
λ(Π). A time-frequency approach to TO’s acting on (poly)analytic function spaces is described in [3].
A measurable function g : Π→ C will be called vertical if there exists a measurable function a : R+ → C

such that g(w) = a(Im(w)) for almost all w ∈ Π. The key result giving an easy access to the properties of
TO’s acting on A2

λ(Π) with bounded vertical symbols was established by Vasilevski and his collaborators:
see [5] for weightless case, [1] for weighted case, and the summarizing book [6]. Namely, it is proved that

the Toeplitz operator T
(λ)
a◦Im acting on A2

λ(Π) with a ∈ L∞(R+) is unitarily equivalent to the multiplication
operator Mγa,λ acting on L2(R+), where

γa,λ(x) =
xλ+1

Γ(λ+ 1)

∫ +∞

0

a
(v

2

)
vλ e−xv dv.

The “spectral” function γa,λ carries many substantial properties of the corresponding Toeplitz operator

T
(λ)
a◦Im. In particular, each C∗-algebra Tλ generated by TO’s with bounded vertical symbols is commutative

and is isometrically isomorphic to the C∗-algebra generated by the set

Sλ = Sλ(L∞(R+)) = {γa,λ; a ∈ L∞(R+)} ⊂ L∞(R+).

We analyze here the corresponding properties of the following two C∗-algebras: the C∗-algebra Tλ gener-
ated by TO’s with bounded vertical symbols and the C∗-algebra generated by the set Sλ of the “spectral”
functions. The first step in this direction was done by Suárez in [4] dealing with TO’s on the unit disk
with bounded radial symbols. Suárez’s results influenced the recent work [2] where it is proved that the
set S0 is dense in the C∗-algebra VSO(R+) of very slowly oscillating functions on R+, i.e., the functions
uniformly continuous with respect to the logarithmic distance ρ(x, y) = | log x− log y | on R+.

Following the approach from [2] we show that the C∗-algebra generated by Sλ does not actually depend
on λ, and coincides with VSO(R+). For that reason introduce (a parametric family of) distances on R+:

κλ(x, y) = sup{|γa,λ(x)− γa,λ(y)|; a ∈ L∞(R+), ‖a‖∞ ≤ 1}.

In other words, κλ is the smallest distance Λ such that |γa,λ(x)− γa,λ(y)| ≤ ‖a‖∞Λ(x, y) uniformly in a.
As our first result we prove the following
Theorem 1 Each distance κλ is uniformly equivalent to the logarithmic distance ρ.

In particular, the inequality |γa,λ(x)− γa,λ(y)| ≤ 2(λ+ 1)‖a‖∞ρ(x, y) holds for each a ∈ L∞(R+) and
for all x, y > 0, which means that each function γa,λ is Lipschitz continuous with respect to ρ, and thus
γa,λ ∈ VSO(R+). Then the main result of this paper generalizing that of [2, Theorem 5.5] reads as follows
Theorem 2 Each Sλ is a dense subset of VSO(R+).

It follows that there is no qualitative difference between the weightless and weighted cases when studying
the structure of commutative algebra Tλ. Indeed, each C∗-algebra Tλ generated by TO’s with bounded
vertical symbols coincides with the closure of the set of these TO’s. Furthermore, the algebras Tλ for
any λ ∈ (−1,+∞) are all isomorphic and isometric among each other, being isometrically isomorphic to
VSO(R+).
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2. Sketch of proof of Theorem 1: Lipschitz continuity of “spectral” functions

For each x, y, v > 0 denote by Dλ(x, y, v) the difference of the “kernels” corresponding to x and y:

Dλ(x, y, v) =
xλ+1 e−xv vλ

Γ(λ+ 1)
− yλ+1 e−yv vλ

Γ(λ+ 1)
.

Then for every function a ∈ L∞(R+) we have the following simple estimate:

|γa,λ(x)− γa,λ(y)| ≤ ‖a‖∞
∫ ∞

0

|Dλ(x, y, v)|dv.

If x and y are fixed, x 6= y, and a is defined in such a manner that a(v/2) is equal to the sign of Dλ(x, y, v),
then ‖a‖∞ = 1 and |γa,λ(x)− γa,λ(y)| =

∫∞
0
|Dλ(x, y, v)|dv. Therefore,

κλ(x, y) =

∫ ∞
0

|Dλ(x, y, v)|dv. (1)

The expression Dλ(x, y, v) changes its sign at the point v0 = (λ+1)(log(x)− log(y))/(x−y). Dividing the
integral (1) into two integrals over (0, v0] and (v0,+∞) we can write it in terms of the upper incomplete
Gamma function:

κλ(x, y) =
2

Γ(λ+ 1)

∣∣∣∣Γ(λ+ 1,
(λ+ 1)x log(y/x)

y − x

)
− Γ

(
λ+ 1,

(λ+ 1)y log(y/x)

y − x

)∣∣∣∣ .
Note that κλ may be expressed through ρ via formula

κλ(x, y) = ξλ(ρ(x, y)), (2)

where ξλ is defined on [0,+∞) by

ξλ(δ) =
2

Γ(λ+ 1)

(
Γ

(
λ+ 1,

(λ+ 1)δ

eδ − 1

)
− Γ

(
λ+ 1,

(λ+ 1)δ

1− e−δ

))
.

Each function ξλ maps [0,+∞) onto [0, 2). Moreover, it is strictly increasing and strictly concave on R+.
The derivative of ξλ is bounded from above by ξ′λ(0), the latter being

ξ′λ(0) =
2(1 + λ)1+λ

Γ(1 + λ) e1+λ
.

Formula (2) and the properties of ξλ imply that κλ is finite and uniformly equivalent to ρ. More precisely,
κλ(x, y)/ρ(x, y)→ ξ′λ(0) as ρ(x, y)→ 0 and κλ(x, y) ≤ ξ′λ(0)ρ(x, y) for all x, y ∈ R+. The latter inequality
is more exact than |γa,λ(x)− γa,λ(y)| ≤ 2(λ+ 1)‖a‖∞ρ(x, y), which can be deduced directly from (1).

3. Sketch of proof of Theorem 2: density of Sλ in VSO(R+)

For each λ ∈ (−1,+∞) introduce the sequences of functions ψn,λ : R+ → C and ωn,λ : R+ → C by

ψn,λ(x) =
1

B(n+ λ, n+ λ)

xn+λ

(1 + x)2(n+λ)
and ωn,λ(x) =

1

[Γ(n+ λ)]2
dn−1

dxn−1

(
e−xx2(n+λ)−1

)
, n ∈ N,

respectively, where B is the Euler Beta function. As in [2, Proposition 5.1] it may be proved that for each
λ ∈ (−1,+∞) the sequence (ψn,λ)∞n=1 is a Dirac sequence on the multiplicative group R+. Also, it can
easily be verified that the functions ψn,λ and ωn,λ are connected via the Laplace transform (Lf)(x) =∫∞

0
f(t) e−xt dt as follows: ψn,λ(x) = xλ+1(Lωn,λ)(x) for each λ ∈ (−1,+∞) and each n ∈ N.
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Further, given a function f : R+ → C put f̃(x) = f(1/x). Then the mapping f 7→ f̃ is an involution,

and for all f ∈ L∞(R+) and g ∈ L1(R+,
dx
x ) the identity f̃ ? g = f̃ ? g̃ holds, where

(f ? g)(x) =

∫ ∞
0

f(y) g

(
x

y

)
dy

y
, x ∈ R+,

is the multiplicative (Mellin) convolution on R+. For a generating symbol a ∈ L∞(R+) each function γa,λ
may be written in the form of a Mellin convolution as follows:

γa,λ(x) =
xλ+1

Γ(λ+ 1)

∫ ∞
0

a
(v

2

)
vλ e−xv dv =

1

Γ(λ+ 1)

∫ ∞
0

a(v)(2xv)λ+1 e−2xv dv

v
= (ã ? Kλ) (x),

where the function Kλ is defined on R+ by

Kλ(z) =
(2z)λ+1 e−2z

Γ(λ+ 1)
.

Then for the function φn,λ(x) = Γ(λ+ 1) (2x)−λ ωn,λ(2x) we have

γφn,λ,λ(x) =
(
φ̃n,λ ? Kλ

)
(x) = 2xλ+1

∫ ∞
0

ωn,λ(2v) e−2xv dv = xλ+1(Lωn,λ)(x) = ψn,λ(x),

i.e., each function ψn,λ is a certain “spectral” function. To finish the proof of Theorem 2, define the symbol
an,λ : R+ → C by an,λ = σ̃ ? φn,λ with σ ∈ VSO(R+). Since φn,λ ∈ L1(R+,

dx
x ), then an,λ ∈ L∞(R+),

and therefore

Sλ 3 γan,λλ = ãn,λ ? Kλ =
(˜̃σ ? φ̃n,λ) ? Kλ = σ ?

(
φ̃n,λ ? Kλ

)
= σ ? ψn,λ.

Then, from the well-known general fact on Dirac sequences and uniformly continuous functions on locally
compact groups, we get lim

n→∞
‖σ ? ψn,λ − σ‖∞ = 0 for each λ ∈ (−1,+∞), which completes the proof.
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