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b) Konvexnost' a konkavnost funkcie

Definicia (rydzokonvexnosti v bode)

Nech f je definovanéa na intervale I. Hovorime, Ze f je rydzokonvexna v bode
Xo € |, akk graf f leZi v blizkosti bodu xo nad grafom nejakej priamky p
prechadzajucej bodom [Xo, f(Xo)]-
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Uloha: Zapiste definiciu ako kvantifikovany vyrok!
RieSenie: Funkcia f je rydzokonvexna v bode xq € |, akk
(3C(%0))(3m € R)(Vx € &*(x0) N Ds) f(x) > f(Xp) + M(X — Xp)
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Poznédmka: Ak nahradime poziadavku ,f lezi nad priamkou p” za ,f lezi pod priamkou p”, dostavame definiciu rydzokonkavnej

funkcie v bode. Analogicky zavedieme nerydzu verziu tychto pojmov (konvexna/konkavna funkcia v bode).
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Derivacia funkcie

b) Konvexnost a konkavnost funkcie

Veta (rydzokonvexnost versus rydzomonoténnost)

Nech f je diferencovatelna na &(xo).
(i) Ak f’ je rastica v bode Xy, tak f je rydzokonvexna v Xg.
(i) Ak f’ je klesajuca v bode X, tak f je rydzokonkavna v xo.
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Derivacia funkcie

b) Konvexnost a konkavnost funkcie

Veta (rydzokonvexnost versus rydzomonoténnost)

Nech f je diferencovatelna na &(xo).
(i) Ak f’ je rastica v bode Xy, tak f je rydzokonvexna v Xg.
(i) Ak f’ je klesajlca v bode xo, tak f je rydzokonkavna v xo.

Veta (konvexnost' v bode implikuje konvexnost' na intervale)

Nech f je spojita na (a, b) a rydzokonvexna [rydzokonkéavna] v kazdom bode
Xo € (a,b). Potom f je rydzokonvexné [rydzokonkavna] na (a, b).

i i
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b) Konvexnost a konkavnost funkcie

Veta (rydzokonvexnost versus rydzomonoténnost)

Nech f je diferencovatelna na &(xo).
(i) Ak f’ je rastica v bode Xy, tak f je rydzokonvexna v Xg.
(i) Ak f’ je klesajlca v bode xo, tak f je rydzokonkavna v xo.

Veta (konvexnost' v bode implikuje konvexnost' na intervale)

Nech f je spojita na (a, b) a rydzokonvexna [rydzokonkéavna] v kazdom bode
Xo € (a,b). Potom f je rydzokonvexné [rydzokonkavna] na (a, b).

Désledok (diferencovatelnost a rydzokonvexnost na intervale)

Nech f ma druhu derivaciu na (a,b) a (vx € (a,b)) f”(x) > 0 [f”(x) < 0]. Potom f
je rydzokonvexna [rydzokonkavna] na (a, b).

y y
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Derivacia funkcie

b) Konvexnost' a konkavnost funkcie

Definicia (inflexny bod)

Bod xo € Ds nazyvame inflexny bod funkcie f, akk f/ je diferencovatefna na
nejakom &'(xo) a f” meni znamienko na &(Xo).

Poznamka: Inflexny bod funkcie f je bodom zvratu funkcie f/, a preto
moézeme pouzit uz zname vysledky pre body zvratu na ur€enie inflexnych
bodov!
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b) Konvexnost' a konkavnost funkcie

Definicia (inflexny bod)

Bod xo € Ds nazyvame inflexny bod funkcie f, akk f/ je diferencovatefna na
nejakom &'(xo) a f” meni znamienko na &(Xo).

Poznamka: Inflexny bod funkcie f je bodom zvratu funkcie f/, a preto
moézeme pouzit uz zname vysledky pre body zvratu na ur€enie inflexnych
bodov!

Dosledok (nutnd/ postacujuca podmienka existencie inflexného bodu)

(i) Ak X je inflexny bod funkcie f, tak f”/(xg) = O.
(i) Ak f”(xo) = 0af”(xo) # 0, tak xo je inflexny bod funkcie f.
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Derivacia funkcie

b) Konvexnost' a konkavnost funkcie

Definicia (inflexny bod)

Bod xo € Ds nazyvame inflexny bod funkcie f, akk f/ je diferencovatefna na
nejakom &'(Xo) a f”” meni znamienko na &'(xo).

Poznamka: Inflexny bod funkcie f je bodom zvratu funkcie f/, a preto
moézeme pouzit uz zname vysledky pre body zvratu na ur€enie inflexnych
bodov!

Dosledok (nutnd/ postacujuca podmienka existencie inflexného bodu)

(i) Ak X je inflexny bod funkcie f, tak f”/(xg) = O.
(i) Ak f”(x0) = 0af”(xgp) # 0, tak Xo je inflexny bod funkcie f.

Poznamka: Ako suvisi konvexnost a predbiehanie?
Nech X je inflexny bod funkcie f.
(i) Ak f” meni znamienko zo zaporného na kladné v bode xo, tak f predbieha
doty€nicu t : y = f(Xo) + f'(X0)(X — Xo) Vv bode Xo.
(i) Ak f” meni znamienko z kladného na zaporné v bode xo, tak dotycnica t
predbieha funkciu f v bode Xo.
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Aproximacia Cisel

Potom (Salamun) urobil more z liatiny, desat laktov od jedného okraja k drunému, dookola okrahle, pat laktov vysoké;
dookola ho mohla obopét tridsatlaktova stuha.
Prva kniha kréfov(7. kapitola, 23. vers), okolo roku 1000 p.n.|.

Iba Chuck Norris pozna poslednd cifru Ludolfovbisia...
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Aproximacia Cisel

Potom (Salamun) urobil more z liatiny, desat laktov od jedného okraja k drunému, dookola okrahle, pat laktov vysoké;
dookola ho mohla obopét tridsatlaktova stuha.
Prva kniha kréfov(7. kapitola, 23. vers), okolo roku 1000 p.n.|.

Iba Chuck Norris pozna poslednd cifru Ludolfovbisia...

Historia aproximacie ( Cisla = = 3,141592765358979323846264...):
@ prva zmienka o aproximacii isla 7 je v Biblii, kde = ~ 3;

Ondrej Hutnik Funkcia redlnej premennej



Aproximacia Cisel
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@ ARCHIMEDES ZO SYRAKUZ (287-212 p.n.l.) okolo roku 250 p.n.l.
pouZil aproximaciu 2 = 3,142857;
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Aproximacia Cisel
Potom (Salamun) urobil more z liatiny, desat laktov od jedného okraja k drunému, dookola okrahle, pat laktov vysoké;

dookola ho mohla obopét tridsatlaktova stuha.
Prva kniha kréfov(7. kapitola, 23. vers), okolo roku 1000 p.n.l.

Iba Chuck Norris pozna poslednd cifru Ludolfovbisia...
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@ ARCHIMEDES ZO SYRAKUZ (287-212 p.n.l.) okolo roku 250 p.n.l.
pouZil aproximaciu 2 = 3,142857;
@ indicky matematik ARYABHATA (476-550) pouzival vzorec
(4 +100) - 8 + 62000 62832
20000 ~ 20000

= 3,1416
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aproximaciu 2 = 3,14159292. . .;

= 3,1416
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Aproximacia Cisel

Potom (Salamun) urobil more z liatiny, desat laktov od jedného okraja k drunému, dookola okrahle, pat laktov vysoké;
dookola ho mohla obopét tridsatlaktova stuha.
Prva kniha kréfov(7. kapitola, 23. vers), okolo roku 1000 p.n.l.

Iba Chuck Norris pozna poslednd cifru Ludolfovbisia...

Historia aproximacie ( Cisla = = 3,141592765358979323846264...):

o
Qo

]

prva zmienka o aproximacii Cisla = je v Biblii, kde = =~ 3;
ARCHIMEDES ZO SYRAKUZ (287—-212 p.n.l.) okolo roku 250 p.n.l.
pouZil aproximaciu 2 = 3,142857;
indicky matematik ARYABHATA (476-550) pouzival vzorec

(4 +100) - 8 + 62000 62832

20000 ~ 20000

Cinsky matematik Tsu CHUNG-CHIA (429-500) pouZival
aproximaciu 2 = 3,14159292. . .;
okolo roku 1600 ADRIAAN ANTHONISZOON (1529-1609)

aproximoval &islo = pomocou zlomku 32 = 3,14150943.. . .;

= 3,1416
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Aproximacia Cisel
Potom (Salamun) urobil more z liatiny, desat laktov od jedného okraja k drunému, dookola okrahle, pat laktov vysoké;

dookola ho mohla obopét tridsatlaktova stuha.
Prva kniha kréfov(7. kapitola, 23. vers), okolo roku 1000 p.n.l.

Iba Chuck Norris pozna poslednd cifru Ludolfovbisia...

Historia aproximacie ( Cisla = = 3,141592765358979323846264...):
@ prva zmienka o aproximécii Cisla 7 je v Biblii, kde 7 ~ 3;
@ ARCHIMEDES ZO SYRAKUZ (287-212 p.n.l.) okolo roku 250 p.n.l.
pouZil aproximaciu 2 = 3,142857;
@ indicky matematik ARYABHATA (476-550) pouzival vzorec
(4 +100) - 8 + 62000 62832
20000 ~ 20000
@ Cinsky matematik Tsu CHUNG-CHIA (429-500) pouzival
aproximaciu 2 = 3,14159292. . .;
@ okolo roku 1600 ADRIAAN ANTHONISZOON (1529-1609)
aproximoval &islo = pomocou zlomku 32 = 3,14150943.. . .;

= 3,1416

Otazka: ako sa d4 dopracovat k &islam 2, 22, 332 4 3555 Maji nejaky hibsf stvis?
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Aproximacia Cisel

Otéazka: ako sa da dopracovat k &islam 2, 22 333 5 3555

1.5 106 @ 113 2 Maju nejaky hibsi stvis?
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Derivacia funkcie

Aproximacia Cisel
3 22 333 355

Otazka: ako sa da dopracovat k &islam 3, 55, 755 a §33? Majd nejaky hibsi sivis? Pouzitim Euklidovho algoritmu mame

1
T=34+— = ay=3,

ap
1

o=——=71+— = a =1,

T™—3 a1

Tm—3 1
M= g, BT 7 2=15

22 — T 1
2= 06r 333 1o - ®7L
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Aproximacia Cisel

Otéazka: ako sa da dopracovat k &islam 2, 22 333 5 3555

1.5 106 @ 113 2 Majl nejaky hibsi stvis? Pouzitim Euklidovho algoritmu mame

1
T=34+— = ay=3,

ap
1

o=——=71+— = a =1,

T™—3 a1

Tm—3 1
M= g, BT 7 2=15

22 — T 1
2= 06r 333 1o - ®7L

Dostavame tak vyjadrenie Cisla = pomocou (nekonecného) retazového
zlomku

T=3+
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Derivacia funkcie

Aproximacia Cisel
3 22 333 355

Otazka: ako sa da dopracovat k &islam 3, <=, {55 a

106 @ 133 ? Maju nejaky hibsi sdvis? Pouzitim Euklidovho algoritmu mame

1
T=34+— = ay=3,

ap
1 1
o=——=71+— = a =1,
T™—3 a1
Tm—3 1
M= g, BT 7 2=15
22 — T 1
2= 06r 333 1o - ®7L

Dostavame tak vyjadrenie Cisla = pomocou (nekonecného) retazového

zlomku 1
T=3+ —,
T+ 154 17—
3 22 333 355 103993 104348

1’77106’ 113’ 33102 * 33215’

kde tzv. zblizené zlomky st —



Aproximacia funkcie

Aproximovat= riesit zlozitd matematick( Glohu postupnymi priblizovacimi krokmi.
online Slovnik cudzich slof2016)

Taylorova aproximacia:

@ je pre funkcie tym, ¢im su decimalne aproximacie pre €isla;
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Aproximacia funkcie

Aproximovat= riesit zloziti matematickd Glohu postupnymi priblizovacimi krokmi.
online Slovnik cudzich slof2016)

Taylorova aproximacia:

@ je pre funkcie tym, ¢im su decimalne aproximacie pre €isla;
@ napr. funkcia 1 + x je v celku dobra aproximécia funkcie €*, ale
1+x+ g jelepsSial+x + g + % je este lepsia;
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Aproximacia funkcie

Aproximovat= riesit zloziti matematickd Glohu postupnymi priblizovacimi krokmi.
online Slovnik cudzich slof2016)

Taylorova aproximacia:
@ je pre funkcie tym, ¢im su decimalne aproximacie pre €isla;
@ napr. funkcia 1 + x je v celku dobra aproximécia funkcie €*, ale
1+x+ § jelepsSial+x + % + % je este lepsia;
Dévody Stadia Taylorovej aproximacie:
o kvantitativne: Taylorove aproximacie su vel'mi praktickym
spo6sobom vypoctu funkcii ako su € alebo cos x ru€ne alebo

pocitacom = ako sa dopracovat k hodnotam za desatinnou
Ciarkou pre Cisla e alebo 7?
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Aproximacia funkcie

Aproximovat= riesit zloziti matematickd Glohu postupnymi priblizovacimi krokmi.
online Slovnik cudzich slof2016)

Taylorova aproximacia:

@ je pre funkcie tym, ¢im su decimalne aproximacie pre €isla;

@ napr. funkcia 1 + x je v celku dobra aproximécia funkcie €*, ale
1+x+ § jelepsSial+x + % + % je este lepsia;

Dévody Stadia Taylorovej aproximacie:

o kvantitativne: Taylorove aproximacie su vel'mi praktickym
spo6sobom vypoctu funkcii ako su € alebo cos x ru€ne alebo
pocitacom = ako sa dopracovat k hodnotam za desatinnou
Ciarkou pre Cisla e alebo 7?

@ kvalitativne: vrhaji nové svetlo na dve otazky:

Kolko zo spravania sa funkcie je zakddované iba v jej derivaciach
v samotnom bode?

Ako dobre sa d& spravanie funkcie modelovat pomocou
polynému?
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Taylorov polyném

| am amazed that it occurred to no one (if you except N. Mercator with his quadrature of the hyperbola) to fit the doctrine
recently established for decimal numbers in similar fashion to variables, especially since the way is then open to more
striking consequences... And just as the advantage of decimals consists in this, that when all fractions and roots have been
reduced to them they take on in a certain measure the nature of integers; so it is the advantage of infinite
variable-sequences that classes of more complicated terms... may be reduced to the class of simple ones: that is, to infinite
series of fractions having simple numerators and denominators and without the all but insuperable encumbrances which

beset the others.
Newton:De methodis serierum et fluxionyt671)

Uloha: aproximujte funkciu f na okoli bodu xg polynémom 1. stupfia
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| am amazed that it occurred to no one (if you except N. Mercator with his quadrature of the hyperbola) to fit the doctrine
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striking consequences... And just as the advantage of decimals consists in this, that when all fractions and roots have been
reduced to them they take on in a certain measure the nature of integers; so it is the advantage of infinite
variable-sequences that classes of more complicated terms... may be reduced to the class of simple ones: that is, to infinite
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Uloha: aproximujte funkciu f na okoli bodu xg polynémom 1. stupfia
PoZiadavky: P1(xg) = f(Xo) a P1(Xo) = f'(xo)
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Taylorov polyném
| am amazed that it occurred to no one (if you except N. Mercator with his quadrature of the hyperbola) to fit the doctrine
recently established for decimal numbers in similar fashion to variables, especially since the way is then open to more
striking consequences... And just as the advantage of decimals consists in this, that when all fractions and roots have been
reduced to them they take on in a certain measure the nature of integers; so it is the advantage of infinite
variable-sequences that classes of more complicated terms... may be reduced to the class of simple ones: that is, to infinite

series of fractions having simple numerators and denominators and without the all but insuperable encumbrances which
beset the others.

Newton:De methodis serierum et fluxionyt671)

Uloha: aproximujte funkciu f na okoli bodu xg polynémom 1. stupfia
PoZiadavky: P1(xg) = f(Xo) a P1(Xo) = f'(xo)
RieSenie: oznaCme hlfadany polyném Pq(x) := ax + 3. Potom

P1(X) = a(X — Xo + Xo) + 8 = a(X — Xo) + aXo + f = a1(X — Xo) + Ao.
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Taylorov polyném

| am amazed that it occurred to no one (if you except N. Mercator with his quadrature of the hyperbola) to fit the doctrine
recently established for decimal numbers in similar fashion to variables, especially since the way is then open to more
striking consequences... And just as the advantage of decimals consists in this, that when all fractions and roots have been
reduced to them they take on in a certain measure the nature of integers; so it is the advantage of infinite
variable-sequences that classes of more complicated terms... may be reduced to the class of simple ones: that is, to infinite
series of fractions having simple numerators and denominators and without the all but insuperable encumbrances which
beset the others.

Newton:De methodis serierum et fluxionyt671)

Uloha: aproximujte funkciu f na okoli bodu xg polynémom 1. stupfia
PoZiadavky: P1(xg) = f(Xo) a P1(Xo) = f'(xo)
RieSenie: oznaCme hlfadany polyném Pq(x) := ax + 3. Potom
P1(Xx) = a(X —Xo +Xo) + 8 = a(X — Xo) + aXo + 8 = a1(X — Xo) + ao.
Zo vstupnych poziadaviek mame, ze

P1(Xo) =f(Xo) < ao=f(xo)

P1(X0) =f'(x0) & a1 =f'(xo)
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| am amazed that it occurred to no one (if you except N. Mercator with his quadrature of the hyperbola) to fit the doctrine
recently established for decimal numbers in similar fashion to variables, especially since the way is then open to more
striking consequences... And just as the advantage of decimals consists in this, that when all fractions and roots have been
reduced to them they take on in a certain measure the nature of integers; so it is the advantage of infinite
variable-sequences that classes of more complicated terms... may be reduced to the class of simple ones: that is, to infinite
series of fractions having simple numerators and denominators and without the all but insuperable encumbrances which
beset the others.

Newton:De methodis serierum et fluxionyt671)

Uloha: aproximujte funkciu f na okoli bodu xg polynémom 1. stupfia
PoZiadavky: P1(xg) = f(Xo) a P1(Xo) = f'(xo)
RieSenie: oznaCme hlfadany polyném Pq(x) := ax + 3. Potom
P1(Xx) = a(X —Xo +Xo) + 8 = a(X — Xo) + aXo + 8 = a1(X — Xo) + ao.
Zo vstupnych poziadaviek mame, ze

P1(Xo) =f(Xo) < ao=f(xo)

P1(X0) =f'(x0) & a1 =f'(xo)

Zaver: Py(x) = f(xg) + f'(x0)(X — Xp), t.j. P1 je dotyCnica ku grafu
funkcie f v bode xg!!!

Ondrej Hutnik
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Taylorov polyném

| am amazed that it occurred to no one (if you except N. Mercator with his quadrature of the hyperbola) to fit the doctrine
recently established for decimal numbers in similar fashion to variables, especially since the way is then open to more
striking consequences... And just as the advantage of decimals consists in this, that when all fractions and roots have been
reduced to them they take on in a certain measure the nature of integers; so it is the advantage of infinite
variable-sequences that classes of more complicated terms... may be reduced to the class of simple ones: that is, to infinite
series of fractions having simple numerators and denominators and without the all but insuperable encumbrances which

beset the others.
Newton:De methodis serierum et fluxionyt671)

Uloha: aproximujte funkciu f na okoli bodu xg polynémom 2. stupfia
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Taylorov polyném

| am amazed that it occurred to no one (if you except N. Mercator with his quadrature of the hyperbola) to fit the doctrine
recently established for decimal numbers in similar fashion to variables, especially since the way is then open to more
striking consequences... And just as the advantage of decimals consists in this, that when all fractions and roots have been
reduced to them they take on in a certain measure the nature of integers; so it is the advantage of infinite
variable-sequences that classes of more complicated terms... may be reduced to the class of simple ones: that is, to infinite
series of fractions having simple numerators and denominators and without the all but insuperable encumbrances which
beset the others.

Newton:De methodis serierum et fluxionyt671)

Uloha: aproximujte funkciu f na okoli bodu xg polynémom 2. stupfia
PoZiadavky: P2(xg) = f(Xo), P5(X0) = f'(X0) @ P5(Xo) = f"(Xo)

Ondrej Hutnik
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Taylorov polyném

| am amazed that it occurred to no one (if you except N. Mercator with his quadrature of the hyperbola) to fit the doctrine
recently established for decimal numbers in similar fashion to variables, especially since the way is then open to more
striking consequences... And just as the advantage of decimals consists in this, that when all fractions and roots have been
reduced to them they take on in a certain measure the nature of integers; so it is the advantage of infinite
variable-sequences that classes of more complicated terms... may be reduced to the class of simple ones: that is, to infinite
series of fractions having simple numerators and denominators and without the all but insuperable encumbrances which
beset the others.

Newton:De methodis serierum et fluxionyt671)

Uloha: aproximujte funkciu f na okoli bodu xg polynémom 2. stupfia
PoZiadavky: P2(xg) = f(Xo), P5(X0) = f'(X0) @ P5(Xo) = f"(Xo)
RieSenie: oznatme hladany polynom Py (x) := ax? + 3x + 1.
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Taylorov polyném

| am amazed that it occurred to no one (if you except N. Mercator with his quadrature of the hyperbola) to fit the doctrine
recently established for decimal numbers in similar fashion to variables, especially since the way is then open to more
striking consequences... And just as the advantage of decimals consists in this, that when all fractions and roots have been
reduced to them they take on in a certain measure the nature of integers; so it is the advantage of infinite
variable-sequences that classes of more complicated terms... may be reduced to the class of simple ones: that is, to infinite
series of fractions having simple numerators and denominators and without the all but insuperable encumbrances which
beset the others.

Newton:De methodis serierum et fluxionyt671)

Uloha: aproximujte funkciu f na okoli bodu xg polynémom 2. stupfia
PoZiadavky: P2(xg) = f(Xo), P5(X0) = f'(X0) @ P5(Xo) = f"(Xo)
RieSenie: oznatme hladany polynom Py (x) := ax? + 3x + ~. Potom

P2(X) = al(X—Xg+X0)?+B(X —Xg-+Xo)+7 = az(X —Xg)2+az (X —Xg)+ag.

Ondrej Hutnik
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Taylorov polyném

| am amazed that it occurred to no one (if you except N. Mercator with his quadrature of the hyperbola) to fit the doctrine
recently established for decimal numbers in similar fashion to variables, especially since the way is then open to more
striking consequences... And just as the advantage of decimals consists in this, that when all fractions and roots have been
reduced to them they take on in a certain measure the nature of integers; so it is the advantage of infinite
variable-sequences that classes of more complicated terms... may be reduced to the class of simple ones: that is, to infinite
series of fractions having simple numerators and denominators and without the all but insuperable encumbrances which
beset the others.

Newton:De methodis serierum et fluxionyt671)

Uloha: aproximujte funkciu f na okoli bodu xg polynémom 2. stupfia
PoZiadavky: P2(xg) = f(Xo), P5(X0) = f'(X0) @ P5(Xo) = f"(Xo)
RieSenie: oznatme hladany polynom Py (x) := ax? + 3x + ~. Potom
P2(X) = al(X—Xg+X0)?+B(X —Xg-+Xo)+7 = az(X —Xg)2+az (X —Xg)+ag.
Zo vstupnych poziadaviek mame, ze

P2(Xo) =f(X0) < a0 ="f(Xo)

P5(Xo) = f'(Xo) & 2ax(Xo — Xo) + a1 = f'(x0) = a; =f'(xo)

f/l(XO)
2

Pg(Xo) = f”(Xo) = 2&2 = f//(Xo) = ap =

Ondrej Hutnik



Veta (existencia a jednoznacnost Taylorovho polynému)

Nech f je n-krat diferencovatelna v bode xq, kde n € N. Potom existuje

prave jeden polyném T, stupiia nanajvys n taky, ze T8 (xo) = £()(xo)
prek =0,1,...,n.

Ondrej Hutnik



Veta (existencia a jednoznacnost Taylorovho polynému)

Nech f je n-krat diferencovatelna v bode xq, kde n € N. Potom existuje
prave jeden polyném T, stupiia nanajvys n taky, ze T8 (xo) = £()(xo)
prek =0,1,...,n.

Oznacenie a terminolégia: polyném tvaru

Ta(F, X0) () = F(x0) + 0 (x — xg) 4+ 09 (2 oot %(x ~ %o

1! 2!
nazyvame Taylorov polyndm n-tého stupna funkcie f v bode Xq

L 3 i 4 Bt e £ =
BROOK TAYLOR (1685-1731) CoLIN MACLAURIN (1698-1746)

Ondrej Hutnik



Derivacia funkcie

Niektoré Taylorove (Maclaurinove) polynémy'

Tn(exp 0)(x Z R
=0
”% 2k+1
1) X .
To(sin, 0)(x) = > (- m, x € R;
k=0
E(3) 2
Tn(COS,O)(X) = (— )km, c K;
k=0 '
4 X
Ta(In(d +),00(x) = | 1)"*1?, x € (-1,1);
k=1

Ondrej Hutnik Funkcia redlnej premennej



Niektoré Taylorove (Maclaurinove) polynémy:

_|a
= k!
E("2) x2k+1
. _ R
Tn(sin, 0)(x) 2 ( ek (<R
)
T = 1) ——
n(COS,O)(X) ( ) (2k)|7 € K;
k=0
n Xk
Ta(In(2+),000) = Y (-1, x e (-L,1);
k=1
M6Zu vhodne poslizit na aproximaciu ciselnych hodnot, napriklad
1 1
exlt o+t
_ 1 1 1 (=1)n+t
N2m1-S4+3—- 2+ +—
T, 1,11 (=nymt
17173 577 n+1

Ondrej Hutnik Funkcia redlnej premennej



Derivacia funkcie

Priklad: Maclaurinov polyném funkcie f(x) = cos x

Tn(cos, 0)(x) = 1 — X—2+X—4+ +(—1)k(’2‘ik)!, k:E(g)

21

NN/

olx) =1

Ondrej Hutnik Funkcia realnej premennej



Derivacia funkcie

Priklad: Maclaurinov polyném funkcie f(x) = cos x

Tn(€08,0)(x) =1 = - + 7+ + (—1)'<(2k)!, k=—E (g)

Ondrej Hutnik Funkcia realnej premennej



Derivacia funkcie

Priklad: Maclaurinov polyném funkcie f(x) = cos x

2 4 2k
Ta(008,0)(x) = 1 — 2o+ 70 ++- +(—1)k%, k:E(g)

_éﬁ —:T ?{ éﬂ X
n=4

Ondrej Hutnik Funkcia realnej premennej



Derivacia funkcie

Priklad: Maclaurinov polyném funkcie f(x) = cos x

x? x4 3RS n
Ta(c0s,0)(x) =1 = 5 + 7 -+ (-1 g k_E<§>
y
—éﬂ —17? TT éﬂ X
n==56
x5 oxt x®
TG(X)=1—?+E—E

Ondrej Hutnik Funkcia realnej premennej



Derivacia funkcie

Priklad: Maclaurinov polyném funkcie f(x) = cos x

Tn(cos, 0)(x) = 1 — X—2+X—4+ +(—1)k(’2‘ik)!, k:E(g)

21

X2 xt X X

TB(X)=1—?+H—E+E

Ondrej Hutnik Funkcia realnej premennej



Derivacia funkcie

Priklad: Maclaurinov polyném funkcie f(x) = cos x

x2 x4 x 2K n
Ta(c0s, 0)(x) = 1 = 2 + 77 + - +(—1)k(2k)!, k :E<§>
y
—énf —‘71 ff éﬁ X
n=10
X2 X4 XG XE X1O
G R

Ondrej Hutnik Funkcia redlnej premennej



Derivacia funkcie

Priklad: Maclaurinov polyném funkcie f(x) = cos x

X2 x4 X2k n
(605,000 = 1= 7 + 57+ + (1) Gy "
\ y /\
_on n . p—
n=12
X4 XS XB X‘IO X12
Twz(x)=1—?+ﬁ—a+a—m+a

Ondrej Hutnik Funkcia redlnej premennej



Derivacia funkcie

Priklad: Maclaurinov polyném funkcie f(x) = cos x

2 4 2k
Ta(008,0)(x) = 1 — 2o+ 70 ++- +(—1)k(’2‘k)!, k:E(g)

ANV A

E ¢ X X x0 g2 4
2

= +
4 61 8 10! 12! 14l

Talx)=1-
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Derivacia funkcie

Priklad: Maclaurinov polyném funkcie f(x) = cos x

x? x4 3RS n
Tn(c0s,0)(x) =1 = 5 Zr -+ (L gy K _E<§>
—érr —‘77 TF én X
n=16

2 4 6 8 10 12 14 16

X X X X X X X X

=t = - + -
2 4 e 8 10! 121 141 16!

Ondrej Hutnik Funkcia realnej premennej



Derivacia funkcie

Priklad: Maclaurinov polyném funkcie f(x) = cos x

x2 x4 x 2K n
To(€08,0)(x) =1 = -+ Zr + -+ (- Ty k=E (—)

2! (2k)! 2
—érr —‘77 TF én X
n=16
2 4 6 8 10 12 14 16

T(X) 1 X +X X +X X +X X X
e 2 41 6l 8 10! 121 14l 16!

Akej chyby sa dopustime, ked' namiesto f na okoli bodu xo vezmeme T, (f, X0)(X)?

Ondrej Hutnik Funkcia realnej premennej



Chyba aproximacie Taylorovym polynémom

Pribeh zo zivota : PoCas ruskej revollcie bol IGOR TAMM zatknuty
anti-komunistickymi povstalcami ned'aleko Odesy ako anti-ukrajinsky
komunisticky agitator. Pri vypocuvani sa ho vodca povstalcov pytal,
kde pracuje. Tamm odpovedal, Ze je matematik. ,Ak je tak, napis mi
zvySok po n-tom Taylorom polynéme. Ak to urobis, si valny, ak nie,
zastrelime ta.” Tamm napisal trasucou rukou niekoflko formul a podal
ich vodcovi. Ten ho v zapati prepustil na slobodu.

IGOR JEVGENJEVIC TAMM (1895-1971)
nositel Nobelovej ceny za fyziku (1958)

Ondrej Hutnik
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Chyba aproximacie Taylorovym polynémom

A study of Brook Taylor'slife and work reveals that his contribution to the development of mathematics was substantially
greater than the attachment of his name to one theorem would suggest. His work was concise and hard to follow. The
surprising number of major concepts that he touched upon, initially developed, but failed to elaborate further leads one to
regret that health, family concerns and sadness, or other unassessable factors, including wealth and parental dominance,
restricted the mathematically productive portion of his relatively short life.

JonesDictionary of Scientific Biograph1970)

Zvy3Sok po n-tom Taylorovom polynéme funkcie f v bode Xq

Rn(f,Xo)(x) :=f(X) — Ta(f,X0)(X), X € O(Xo)

alebo tiez Taylorov vzorec f(x) = Tn(f, Xo)(X) + Rn(f, X0)(X)

Ondrej Hutnik



Chyba aproximéacie Taylorovym polynédmom
A study of Brook Taylor'slife and work reveals that his contribution to the development of mathematics was substantially
greater than the attachment of his name to one theorem would suggest. His work was concise and hard to follow. The
surprising number of major concepts that he touched upon, initially developed, but failed to elaborate further leads one to

regret that health, family concerns and sadness, or other unassessable factors, including wealth and parental dominance,
restricted the mathematically productive portion of his relatively short life.

JonesDictionary of Scientific Biograph1970)

Zvy3Sok po n-tom Taylorovom polynéme funkcie f v bode Xq
Rn(f,Xo)(x) :=f(X) — Ta(f,X0)(X), X € O(Xo)
alebo tiez Taylorov vzorec f(x) = Tn(f, Xo)(X) + Rn(f, X0)(X)
Lagrangeov tvar zvysku:

(X _ Xo)n+l

L) = 5

f ) (%0 + O(X — Xo));

Cauchyho tvar zvysku

(X —Xo)" (1 —o)"

Cn(x) = o

£ (x0 + (X — Xo));

v oboch pripadoch 6 je nejaké Cislo z intervalu (0, 1)

Ondrej Hutnik



Derivacia funkcie

Aproximacia funkcie este raz — zhrnutie

| am amazed that it occurred to no one (if you except N. Mercator with his quadrature of the hyperbola) to fit the doctrine
recently established for decimal numbers in similar fashion to variables... so it is the advantage of infinite
variable-sequences that classes of more complicated terms... may be reduced to the class of simple ones: that is, to infinite

series of fractions having simple numerators and denominators...
Newton:De methodis serierum et fluxionyt671)
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Derivacia funkcie
Aproximacia funkcie eSte raz — zhrnutie
| am amazed that it occurred to no one (if you except N. Mercator with his quadrature of the hyperbola) to fit the doctrine
recently established for decimal numbers in similar fashion to variables... so it is the advantage of infinite
variable-sequences that classes of more complicated terms... may be reduced to the class of simple ones: that is, to infinite
series of fractions having simple numerators and denominators...
Newton:De methodis serierum et fluxionyt671)

@ Taylorova aproximacia je pre funkcie tym, ¢im s decimalne
aproximacie pre Cisla;

drej Hutnik Funkcia redlnej premennej



Aproximacia funkcie este raz — zhrnutie

| am amazed that it occurred to no one (if you except N. Mercator with his quadrature of the hyperbola) to fit the doctrine
recently established for decimal numbers in similar fashion to variables... so it is the advantage of infinite
variable-sequences that classes of more complicated terms... may be reduced to the class of simple ones: that is, to infinite
series of fractions having simple numerators and denominators...

Newton:De methodis serierum et fluxiony(t671)

@ Taylorova aproximacia je pre funkcie tym, ¢im s decimalne
aproximacie pre Cisla;
@ napr. funkcia 1+ xjevcelku dobré aproximacia funkcie €, ale
1+x+% Je lepSia 1+ x + % o Je este lepSia, pretoze
2 X3 xN

X
Tn(expO)(x)—1+F+—+§+ o x eR
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Aproximacia funkcie este raz — zhrnutie

| am amazed that it occurred to no one (if you except N. Mercator with his quadrature of the hyperbola) to fit the doctrine
recently established for decimal numbers in similar fashion to variables... so it is the advantage of infinite
variable-sequences that classes of more complicated terms... may be reduced to the class of simple ones: that is, to infinite
series of fractions having simple numerators and denominators...

Newton:De methodis serierum et fluxionyt671)

@ Taylorova aproximacia je pre funkcie tym, ¢im s decimalne
aproximacie pre Cisla;
@ napr. funkcia 1+ xjevcelku dobré aproximacia funkcie €, ale
Lt e Je lepSia 1 +x + % + Je este lepSia, pretoze
2 X3 X"

X
Th(exp, 0)(x) = 1+—+5+§+ er’ x eR

Uréte hodnotu Eulerovho &isla s presnostou 10-6.
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Aproximacia funkcie este raz — zhrnutie

| am amazed that it occurred to no one (if you except N. Mercator with his quadrature of the hyperbola) to fit the doctrine
recently established for decimal numbers in similar fashion to variables... so it is the advantage of infinite
variable-sequences that classes of more complicated terms... may be reduced to the class of simple ones: that is, to infinite
series of fractions having simple numerators and denominators...

Newton:De methodis serierum et fluxionyt671)

@ Taylorova aproximacia je pre funkcie tym, ¢im s decimalne
aproximacie pre Cisla;
@ napr. funkcia 1+ xjevcelku dobré aproximacia funkcie €, ale
Lt e Je lepSia 1 +x + % + Je este lepSia, pretoze
2 X3 X"

X
Tn(exp 0)(x) = 1+—+5+§+ er’ x eR

Uréte hodnotu Eulerovho &isla s presnostou 10-6.

Odhadnite chybu priblizného vztahu v1+x ~ 1+ 5 — %, x € (0,1).
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