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VII. Rady reélnych ¢isel i nvergencie radov

Nekone €ny cCiselny rad a jeho su Cet

We call a series an indefinite sequence of quantitigsuy , Uz, us, ..., which follow from one to another according to a
determined law... Le$p = ug + u3 + Uy + - - - + uy_; to be the sum of the first terms, wheren denotes any
integer number. If, for ever increasing valueswpthe sumsy, indefinitely approaches a certain linsitthe series is said
to be convergent, and the limit in question is called the sum of the series. On the contrary, if the does not approach
any fixed limit as it increases infinitely, the series is divergent, and does not have a sum. In either case, the term which
corresponds to the index that isup, is what we call the general term. For the series to be completely determined, it is
enough that we give its general term as a function of the imdex

Augustin-Luis CauchyCours d'analys&¢1821)
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Nekone ¢ny Ciselny rad a jeho su Cet
We call a series an indefinite sequence of quantitigsuy , Uz, us, ..., which follow from one to another according to a
determined law... Le$p = ug + u3 + Uy + - - - + uy_; to be the sum of the first terms, wheren denotes any
integer number. If, for ever increasing valueswpthe sumsy, indefinitely approaches a certain linsitthe series is said
to be convergent, and the limit in question is called the sum of the series. On the contrary, if the does not approach
any fixed limit as it increases infinitely, the series is divergent, and does not have a sum. In either case, the term which
corresponds to the index that isup, is what we call the general term. For the series to be completely determined, it is
enough that we give its general term as a function of the imdex
Augustin-Luis CauchyCours d'analys&¢1821)

Postupnosti (a,)$° priradime postupnost (s,);° nasledovne:
S1 = ai,
S = ai+a =51 +ay,

Sn+1 = &1+ -+ 8ny1 = Sn + Any1-

Symbola; +a, +---+an + ..., alebo skratene " an, budeme nazyvat
n=1

o0
nekonecny Ciselny rad. Prvok a, nazyvame n-ty ¢len radu >_ a,.

n=1
Postupnost’ (sn)$° nazyvame postupnost (:iastoénych suctov (p.¢.s.) radu

E an a prvok s, n-ty Ciastocny sucet radu Z an.
n=1 n=1
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Nekone €ny cCiselny rad a jeho su Cet

... | believe that every series should be assigned a certain value. However, to account for all the difficulties that have been
pointed out in this connection, this value should not be denoted by the name sum, because usually this word is connected
with the notion that a sum has been obtained by a real summation: this idea however is not applicaletios'
divergentibus...

Leonhard Euler: z koreSpondencie s Christianom Goldbachom a Nicholasom Bernoullim (174

Definicia

Suctom nekonecného Eiselného radu io: ap hazyvame vlastnu limitu
postupnosti (sy)3° jeho Ciastonych sunc“::té)v a zapisujeme

io: an = nimm Sh, = S < +o00. Rad sa nazyva konvergentny, akk konverguje
r[‘JT)lstupnosl‘ jeho Ciasto€nych suctov. Rad, ktory nie je konvergentny,
nazyvame divergentny.
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[e.e]

Suctom nekonecného Ciselného radu > a, nazyvame vlastnu limitu
n=1

postupnosti (sy):° jeho Ciastonych sictov a zapisujeme

dYran= nIim Sh, = S < +o00. Rad sa nazyva konvergentny, akk konverguje
n=1 — 00

postupnost jeho Ciastocnych suctov. Rad, ktory nie je konvergentny,
nazyvame divergentny.

oo
Ponau €enie: Z poznatkov pre postupnosti mame, ze pre rad > an moZze nastat prave jeden z nasledujlcich pripadov:
oo n=1
o R lim sp =s € R..rad ) ap je konvergentny a ma sucet s;
e n=1
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Nekone €ny cCiselny rad a jeho su Cet

... | believe that every series should be assigned a certain value. However, to account for all the difficulties that have been
pointed out in this connection, this value should not be denoted by the name sum, because usually this word is connected
with the notion that a sum has been obtained by a real summation: this idea however is not applicaletios'
divergentibus...

Leonhard Euler: z koreSpondencie s Christianom Goldbachom a Nicholasom Bernoullim (174

Definicia

Suctom nekonecného Eiselného radu io: ap hazyvame vlastnu limitu
postupnosti (sy)3° jeho Ciastonych sunc“::té)v a zapisujeme

io: an = nimm Sh, = S < +o00. Rad sa nazyva konvergentny, akk konverguje
r[‘JT)lstupnosl‘ jeho Ciasto€nych suctov. Rad, ktory nie je konvergentny,
nazyvame divergentny.

oo
Ponau €enie: Z poznatkov pre postupnosti mame, ze pre rad > an moZze nastat prave jeden z nasledujlcich pripadov:
n=1

oo
Q@ iim s,=seR..rad > an je konvergentny a ma sucet s;
n— oo n=1
@ lim s, =+4oco..rad 3 a, diverguje do +oo;
n— oo n=1
@ im Sp = —oo ...rad ) ap diverguje do —oo;
n— oo n=1

oo
o neexistuje ani vlastna ani nevlastna limita p.¢.s. ... rad )~ ap osciluje
n=1
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VII. Rady realnych c¢isel Kritéria konvergencie radov

Pripomenutie: na konvergenciu radu sa pozerame cez konvergenciu postupnosti jeho ciastocnych stctov!

Veta (Cauchyho-Bolzanovo kritérium konvergencie radu)

Rad io: a, konverguje prave vtedy, ked' p.c.s. (sp)° je fundamentalna, t.j.
"=l (Ve > 0)(3np)(Yn € N, n > np)(Vk € N) |sp — Sk < €.

T

AUGUSTIN CAUCHY (1789-1857) BERNARD BOLZANO (1781-1848)
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VII. Rady realnych c¢isel Kritéria konvergencie radov

Pripomenutie: na konvergenciu radu sa pozerame cez konvergenciu postupnosti jeho ciastocnych stctov!

Veta (Cauchyho-Bolzanovo kritérium konvergencie radu)

Rad io: a, konverguje prave vtedy, ked' p.c.s. (sp)° je fundamentalna, t.j.
"=l (Ve > 0)(3np)(Yn € N, n > np)(Vk € N) |sp — Sk < €.

T

AUGUSTIN CAUCHY (1789-1857) BERNARD BOLZANO (1781-1848)

Désledok (nutna podmienka konvergencie radu)

Ak rad Y a, konverguje, potom nIim a, =0.
n=1 — 00

The sum of an infinite series whose final term vanishes perhaps is infinite, perhaps finite.
Jacob BernoulliArs conjectand{vydané posmrtne v roku 1713)
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VII. Rady reélnych ¢isel i nvergencie radov

Operacie s (ne)kone ¢nymi ciselnymi radmi

The history of mathematics is not just a box of paints with which one can make the picture of mathematics more colorful,
to catch interest of students at their different levels of education; it is a part of the picture itself. If it is such an important
part that it will give a better understanding of what mathematics is all about, if it will widen horizons of learners, maybe
not only their mathematical horizons,... then it must be included in teaching.

Torkil Heiede:History of mathematics and the Teact{p96)

1 1 1 _
OI =1 1 Eorg =1-1+1-1+1-—1etc
z Leibnizovej koreSpondencie s Christianom Wolfom (medzi 1713 a 1716)
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Operacie s (ne)kone ¢nymi ciselnymi radmi

The history of mathematics is not just a box of paints with which one can make the picture of mathematics more colorful,
to catch interest of students at their different levels of education; it is a part of the picture itself. If it is such an important
part that it will give a better understanding of what mathematics is all about, if it will widen horizons of learners, maybe
not only their mathematical horizons,... then it must be included in teaching.
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1 1 1 _
OI =1 1 Eorg =1-1+1-1+1-—1etc
z Leibnizovej koreSpondencie s Christianom Wolfom (medzi 1713 a 1716)

Komutativny zdkon = lubovolné poprehadzovanie €lenov

aatataza=agt+taztax=at+at+az=...
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Operacie s (ne)kone ¢nymi ciselnymi radmi

The history of mathematics is not just a box of paints with which one can make the picture of mathematics more colorful,
to catch interest of students at their different levels of education; it is a part of the picture itself. If it is such an important
part that it will give a better understanding of what mathematics is all about, if it will widen horizons of learners, maybe
not only their mathematical horizons,... then it must be included in teaching.

Torkil Heiede:History of mathematics and the Teact{p96)

o1 =1 Boorly=1-1+1-1+1-1letc
z Leibnizovej koreSpondencie s Christianom Wolfom (medzi 1713 a 1716)
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Operacie s (ne)kone ¢nymi ciselnymi radmi

The history of mathematics is not just a box of paints with which one can make the picture of mathematics more colorful,
to catch interest of students at their different levels of education; it is a part of the picture itself. If it is such an important
part that it will give a better understanding of what mathematics is all about, if it will widen horizons of learners, maybe
not only their mathematical horizons,... then it must be included in teaching.

Torkil Heiede:History of mathematics and the Teact{p96)

o1 =1 Boorly=1-1+1-1+1-1letc
z Leibnizovej koreSpondencie s Christianom Wolfom (medzi 1713 a 1716)

Komutativny zdkon = lubovolné poprehadzovanie €lenov
aatataza=agt+taztax=at+at+az=...
Asociativny zakon = fubovolné preuzatvorkovanie ¢lenov
(a1+a2)+a3 :a1+(a2+a3) —a; +az+as
Distributivny zdkon = poroznasobovanie ¢lenov
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VII. Rady realnych c¢isel Kritéria konvergencie radov

Operacie s (ne)kone ¢nymi ciselnymi radmi

The history of mathematics is not just a box of paints with which one can make the picture of mathematics more colorful,
to catch interest of students at their different levels of education; it is a part of the picture itself. If it is such an important
part that it will give a better understanding of what mathematics is all about, if it will widen horizons of learners, maybe
not only their mathematical horizons,... then it must be included in teaching.

Torkil Heiede:History of mathematics and the Teact{p96)

o1 =1 Boorly=1-1+1-1+1-1letc
z Leibnizovej koreSpondencie s Christianom Wolfom (medzi 1713 a 1716)

Komutativny zdkon = lubovolné poprehadzovanie €lenov
aatataza=agt+taztax=at+at+az=...
Asociativny zakon = fubovolné preuzatvorkovanie ¢lenov
(a1+a2)+a3 :a1+(a2+a3) —a; +az+as
Distributivny zdkon = poroznasobovanie ¢lenov

Oz(a]_ +ap + 3.3) = aday + aay + aas

Otazka: Co z tychto vlastnosti operacie séitania a nasobenia (skalarom) sa
d& natiahndt na nekonecny pocet scitancov?
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VII. Rady reélnych ¢isel ité vergencie radov

Operécie s nekone ¢nymi Ciselnymi radmi

Cauchy is mad, and there is no way of being on good terms with him, although at present he is the only man who knows
how mathematics should be treated. What he does is excellent, but very confused...
Niels Abel:Ouevre{1826)

Veta VII.1 (distributivny zakon) I

o0 o0
Nechrady 3" a, a > by, st konvergentné.
n=1 n=1
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VII. Rady realnych c¢isel Kritéria konvergencie radov

Operécie s nekone ¢nymi Ciselnymi radmi

Cauchy is mad, and there is no way of being on good terms with him, although at present he is the only man who knows

how mathematics should be treated. What he does is excellent, but very confused...
Niels Abel:Ouevre{1826)

Veta VII.1 (distributivny zakon)

Nech rady § an a i b, su konvergentné. Potom
n=1 n=1
(i) rad ioj (an + bn) konverguje a naviac, ak ioj a,=aa io: b, = b, tak
n=1 n=1 n=1
Z(an +bn) =a+b;
n=1
(i) rad > k - a, konverguje pre kazdé k e Raplati > k-a, =k - a.
n=1 n=1
Naviac, ak rad § k - a, konverguije, kde k € R\ {0}, potom konverguje
n=1
aj rad io: an.
n=1 )
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VII. Rady realnych c¢isel Kritéria konvergencie radov

Operécie s nekone ¢nymi Ciselnymi radmi

| shall devote all my efforts to bring light into the immense obscurity that today reigns in Analysis. It so lacks any plan or
system, that one is really astonished that so many people devote themselves to it — and, still worse, it is absolutely devoid
of any rigour.

Niels Abel: Ouevreg1826)

Veta VII.2 (asociativny zakon)

(o)
Nech " a, je konvergentny rad a (k,):° je rastica postupnost

n=1
prirodzenych Cisel. Polozme

by = aj+ay+---+a,
b, = a1+ +a,
b = a_,11+--+a,, neN.

Potom rad ) by konverguje a plati " an = >_ by.

n=1 n=1 n=1
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Dve tvare konvergencie: absolltna a relativna

You cannot always run at your best!

Bill Rodgers:American runner

o0 o0
Hovorime, Ze rad > a, absolitne konverguje, akk konverguje rad > |an|.

o) n=1 00 00 n=1
Akrad Y a, konverguje, ale rad > |a,| diverguje, tak rad Y a, nazyvame
n=1 n=1 n=1

relativne konvergentny.
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Dve tvéare konvergencie: absolltna a relativna

You cannot always run at your best!

Bill Rodgers:American runner

o0 o0
Hovorime, Ze rad > a, absolitne konverguje, akk konverguje rad > |an|.

o) n=1 00 00 n=1
Akrad Y a, konverguje, ale rad > |a,| diverguje, tak rad Y a, nazyvame
n=1 n=1 n=1

relativne konvergentny.

Priklad: kazdy geometricky rad s kvocientom |q| < 1 konverguje absoldltne,

o0 N ) , ,
alerad 3 % nekonverguje absolutne, ale relativne!
n=1
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Dve tvéare konvergencie: absolltna a relativna

You cannot always run at your best!

Bill Rodgers:American runner

o0 o0
Hovorime, Ze rad > a, absolitne konverguje, akk konverguje rad > |an|.

o) n=1 00 00 n=1
Akrad Y a, konverguje, ale rad > |a,| diverguje, tak rad Y a, nazyvame
n=1 n=1 n=1

relativne konvergentny.

Priklad: kazdy geometricky rad s kvocientom |q| < 1 konverguje absoldltne,

o0 N ) , ,
alerad 3 % nekonverguje absolutne, ale relativne!
n=1

Ak rad konverguje absolltne, tak konverguje.

0o 0o
Doékaz: Nech e > 0 je fubovolné. Ked'zerad 3 an je absolltne konvergentny, konverguje rad Y~ |an|, t.j. podfa C-B kritéria
n=1 n=1

(Ing)(¥n € N,n > ng)(vk € N) [sp — spyi| = [lan]| + [ans1] + - - - + |ansk || < . Z trojuholnikovej nerovnosti

)
lan +apnt1 + - +angk| < lan] + lapyal + - - - + |apyk | < €, teda podra C-B kritéria konverguje rad )~ an. O
n=1
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VII. Rady realnych c¢isel Kritéria konvergencie radov

(A) Kritéria na vySetrenie absolutnej konvergencie

oo
Pozorovanie: Rad ° |an| = [ai| +[az| +- -+ |an| +. .. jerad s nezapornymi Elenmi! Jeho p.&.s. (sn)7° je neklesajica!
n=1

Ondrej Hutnik Matematicka analyza Ill.



VII. Rady realnych c¢isel Kritéria konvergencie radov

(A) Kritéria na vySetrenie absolutnej konvergencie

oo
Pozorovanie: Rad ° |an| = [ai| +[az| +- -+ |an| +. .. jerad s nezapornymi Elenmi! Jeho p.&.s. (sn)7° je neklesajica!
n=1

Tvrdenie VII.4

Rad s nezapornymi ¢lenmi je konvergentny prave vtedy, ked’ postupnost
jeho Ciasto€nych suctov je ohranic¢ena.
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VII. Rady realnych c¢isel Kritéria konvergencie radov

(A) Kritéria na vySetrenie absolutnej konvergencie

oo
Pozorovanie: Rad ° |an| = [ai| +[az| +- -+ |an| +. .. jerad s nezapornymi Elenmi! Jeho p.&.s. (sn)7° je neklesajica!
n=1

Tvrdenie VII.4

Rad s nezapornymi ¢lenmi je konvergentny prave vtedy, ked’ postupnost
jeho Ciasto€nych suctov je ohranic¢ena.

THEOREM IIl. — Whenever each term of serieg, uy, U, . . ., Up, . . . of positive terms is smaller than the one
preceding it, that series and the following ang, 2u;, 4us, 8u7, 16u;s, . . . are either both convergent or both
divergent.

Augustin-Luis CauchyCours d'analys&¢1821)

Veta (Cauchyho kondenzacné kritérium, 1821)

Nech (a,)1° je nerastica postupnost nezapornych Cisel. Rad ) an

konverguje prave vtedy, ked’ konverguje rad > 2"apn. =t
n=0

Ponau €enie: na konvergenciu radu maju podfa Cauchyho vplyv “len niektoré" €leny radu!
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VII. Rady realnych c¢isel Kritéria konvergencie radov

(A) Kritéria na vySetrenie absolutnej konvergencie

oo
Pozorovanie: Rad ° |an| = [ai| +[az| +- -+ |an| +. .. jerad s nezapornymi Elenmi! Jeho p.&.s. (sn)7° je neklesajica!
n=1

Tvrdenie VII.4

Rad s nezapornymi ¢lenmi je konvergentny prave vtedy, ked’ postupnost
jeho Ciasto€nych suctov je ohranic¢ena.

THEOREM IIl. — Whenever each term of serieg, uy, U, . . ., Up, . . . of positive terms is smaller than the one
preceding it, that series and the following ang, 2u;, 4us, 8u7, 16u;s, . . . are either both convergent or both
divergent.

Augustin-Luis CauchyCours d'analys&¢1821)

Veta (Cauchyho kondenzacné kritérium, 1821)

Nech (a,)1° je nerastica postupnost nezapornych Cisel. Rad ) an

konverguje prave vtedy, ked’ konverguje rad > 2"apn. =t
n=0

Ponau €enie: na konvergenciu radu maju podfa Cauchyho vplyv “len niektoré" €leny radu!
1
Uloha: VySetrite konvergenciu Riemannovho radu Z o~ prep € R.

n=1
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VII. Rady realnych c¢isel Kritéria konvergencie radov

Porovnavaj sa len s lepSimi ako si sam... hor§i ta mézu stiahnut dole...

Veta (porovnavacie kritérium)

Nech 0 < a, < b, plati pre skoro vSetky n € N. Potom

(i) akrad ioj b, konverguje, konverguje aj rad f an;

n=1 n=1
(i) ak diverguje rad >_ ay, tak diverguje rad >_ by,.
n=1 n=1
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VII. Rady realnych c¢isel Kritéria konvergencie radov

Porovnavaj sa len s lepSimi ako si sam... hor§i ta mézu stiahnut dole...

Veta (porovnavacie kritérium)

Nech 0 < a, < b, plati pre skoro vSetky n € N. Potom

(i) akrad ioj b, konverguje, konverguje aj rad f an;

n=1 n=1
(i) ak diverguje rad >_ ay, tak diverguje rad >_ by,.
n=1 n=1

Désledok (policajti pre rady):  Nech pre skoro vSetky n € N plati an < bp < cp. Potom
(i) ak konverguju rady Z ap a Z cn, tak konverguje aj rad Z bn;
n=1 n=1 =1
(i) akrad Z ap diverguje do +oo, tak E by, diverguje do +oo
n 1

(i) akrad Z ¢ diverguje do —oo, tak Z by, diverguje do —

n=1 n=1

Ondrej Hutnik Matematicka analyza Ill.



VII. Rady realnych c¢isel Kritéria konvergencie radov

Porovnavaj sa len s lepSimi ako si sam... hor§i ta mézu stiahnut dole...

Veta (porovnavacie kritérium)

Nech 0 < a, < b, plati pre skoro vSetky n € N. Potom

(i) akrad ioj b, konverguje, konverguje aj rad i an;

n=1 n=1
(i) ak diverguje rad >_ ay, tak diverguje rad >_ by,.
n=1 n=1

Désledok (policajti pre rady):  Nech pre skoro vSetky n € N plati an < bp < cp. Potom
(i) ak konverguju rady Z ap a Z cn, tak konverguje aj rad Z bn;
n=1 n=1 =1
(i) akrad Z ap diverguje do +oo, tak E by, diverguje do +oo
n 1
(i) akrad Z ¢ diverguje do —oo, tak Z by, diverguje do —

n=1 n=1

Veta (limitné porovnavacie kritérium)

Nech 0 < ap, by pre skoro vSetky n € N a I|m g: =L e R*.

() AKL < +0 a Z b, je konvergentny rad tak konverguje aj rad Z an.
n=1 n=1

(i) Ak L > 0 adiverguje rad Z b,, potom diverguije aj rad Z an.
n=1 n=1

Ondrej Hutnik Matematicka analyza Ill.



Veta (Cauchyho odmocninné kritérium, 1821)

Nech 0 < a, pre skoro vSetky n € N.

(i) Ak (39 < 1) v/a, < q pre skoro vSetky n € N, tak Z an konverguje.
n=1
Ak y/a, > 1 pre skoro vSetky n € N, rad Z an diverguje.
n=1
(i) Nech I|m Van = q € R*. Potom pre g < 1 je rad Z an konvergentny
n=1

apreq>1jerad Z an divergentny.
n=1

wor .
COURS D'ANALYSE

LECOLE ROYALE POLYTECHNIQUE;

AUGUSTIN-LuIis CAUCHY (1789-1857)
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Veta (d’Alembertovo podielové kritérium, 1756)

Nech 0 < a, pre skoro vSetky n € N.

(i) Ak (3g < 1) = a"“ < g pre skoro vSetky n € N, tak rad Z an konverguje.
Ak a"“ > 1 pre skoro vSetky n € N, rad Z an dlvergu;e

(i) Ak nimm % =q¢€ E* takpreq < 1je rr:;dlngl an konvergentny
apreq > 1ljerad > a, divergentny.

ENCYCLOPEDIE,

DICTIONNAIRE RAISONNE
DES SCIENCES,
S ARTS ET DES METIER:

JEAN LE ROND D ALEMBERT (1717 1783)

Ondrej Hutnik Matematicka analyza Ill.



VII. Rady realnych c¢isel Kritéria konvergencie radov

Veta (Raabeho kritérium, 1834)
Nech 0 < a, pre skoro vSetky n € N.

(i) Ak (3r > 1)n <1 — a"“) > r pre skoro vSetky n € N, tak rad Z an
konverguje. n=t

(i) Ak Iim n (1 — M) =g € R*, tak pre q > 1 rad ioj an konverguje

n=1
apreqg<lrad Z an diverguje.
n=1
L o

B W sk B i,

S "
- | Note zur Theorie der Convergenz und Divergenz
Ty der Reihen.
b !

1 (Von dem Herrn Trot J. L. Raabe 29 Ziich)
I 10. Bande der Zeitschrifc ematik und Physik, redigirt von
Ettingshausen und Baum, , babe ich folgenden Lebrsatz be-
»Wean u, ine Glied einer Reihe vorstellt, und die Grenze

(chende Reibe, jo nach-
'.-, 5

1./ %y
_‘,_\/ L. s, riicksichtlch ihrer Convergenz oder

JosePH LubwiG RAABE (1801-1859)

len, um zwei Reiben,
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VII. Rady realnych c¢isel Kritéria konvergencie radov

Nech 0 < a, pre skoro vSetky n € N.
(i) Ak (3r > 1)n <1 — a"“) > r pre skoro vSetky n € N, tak rad Z an
konverguje. =

(i) Ak nIi_)moon (1 — afnl) =g € R*, tak pre q > 1 rad ioj an konverguje

) n=1
apreq < 1lrad > a diverguje.
n=1
v
B Wi sk B i,
i A 30.

Nl B

Note zur Theorie der Convergenz und Divergenz
% der Reihen.

1 (Von dem Herrn Trot J. L. Raabe 29 Ziich)
I 10. Bande der Zeit ematik und Physik, redigirt von
Ettingshausen und Ba. habo ich folgenden Lelesatz bo-
»Wem , e Glied einer Reihe vorstell, und dio Grenze
ity ergit oder divergi hendo Ree, jo 1

riicksichtlich ihrer Convergenz

JOSEPH LUDWIG RAABE (1801 1859)

Poznamka: dalSie kritéria pozri umv.science.upjs.sk/analyza/texty/predmety/MANa/DP_rady.pdf
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