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A1. Ukážte, že daný priestor nie je unitárny.

1. R2, kde 〈x, y〉 := x1y1 − x2y2

2. lp, p ∈ [1, ∞] \ {2}

3. Lp(Ω), p ∈ [1, ∞] \ {2}

4. priestor postupnostı́, ktoré majú ohraničenú variáciu, tj. normu

‖x‖bv = |x1|+
∞

∑
i=1
|xi+1 − xi| < ∞

5. C1([a, b]), kde 〈 f , g〉 :=
∫ b

a f ′(x)g′(x)dx (čo v prı́pade funkciı́ ktoré majú nulovú
hodnotu v bode a?)
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A2. Zistite, či daný priestor je unitárny.

1. R2, kde 〈u, v〉 := 4u1v1 + 5u2v2

2. R2, kde 〈x, y〉 := xAyT, A =

(
1 −2
−2 1

)
3. R2, kde 〈u, v〉 := u1v1 − u2v1 − u1v2 + 4u2v2

4. R2, kde 〈u, v〉 := u1v1 + u2v1 + u1v2 + 2u2v2

5. R2, kde 〈u, v〉 := au1v1 + u2(bv1 + cv2) + du1v2

6. P2(C), kde 〈p, q〉 :=
2

∑
i,j=1

piqj

7. C([0, 1]), kde〈 f , g〉 :=
∫ 1

2
0 f (x)g(x)dx

8. H1 × H2, kde 〈u, v〉 := 〈u1, v1〉1 + 〈u2, v2〉2, kde Hi je unitárny so skal. súčinom
〈·, ·〉i

9. C2([−π, π]), kde 〈 f , g〉 = f (−π)g(−π) +
∫ π
−π f ′′(x)g′′(x)dx

10. CC([0, 1]), kde 〈 f , g〉 =
∫ 1

0 | f (t) + g(t)|dt

11. CC([0, 1]), kde 〈 f , g〉 = f (1)g(1) +
∫ 1

0 f (t)g(t)dt

12. span{1, t, t2} ⊂ CC([0, 1]), kde 〈 f , g〉 = f (0)g(0) + f ′(0)g′(0) + f ′(1)g′(1)

B1. Nech l2
0 := {(xn)n∈N ⊆ C : xn 6= 0 pre konečne veľa n}. Ukážte, že je to unitárny

priestor (so zdedeným skalárnym súčinom.)

B2. Ukážte, že Sobolevov priestor H1(Ω) := { f ∈ L2(Ω) : f ′ ∈ L2(Ω)} s normou
||u||2H1 = ||u||22 + ||u′||22 je unitárny priestor.

B3. Nech Mn,n(C) označuje priestor štvorcových matı́c nad C. Ukážte, že 〈A, B〉 :=
tr(AB∗) je skalárny súčin na Mn,n(C)

(
B∗ = AT

= AT
)

.

B3. Nech P2(R) označuje priestor polynómov stupňa najviac 2 nad R. Ukážte, že
〈p, q〉 := p(0)q(0) + p(1/2)q(1/2) + p(1)q(1) je skalárny súčin na P2(x).

C. Nájdite funkciu, ku ktorej koverguje postupnosť un(x) = x
1

2n−1 , n ∈ N v priestore
L2(−1, 1) a zdôvodnite to.
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D. Nájdite projekciu prvku x na množinu G a vzdialenosť medzi nimi.

1. x = (1, 0, 0), G : x1 + x2 + x3 = 0

2. x = (4,−1,−3, 4), G = 〈(1, 1, 1, 1), (1, 2, 2,−1), (1, 0, 0, 3)〉

3. x = (7, 4,−1, 2), G : 2y1 + y2 + y3 + 3y4 = 0, 3y1 + 2y2 + 2y3 + y4 = 0, y1 + 2y2 +
2y3 − 9y4 = 0

4. x = (1, 2,−1, 1), G : x0 + λ1x1 + λ2x2, λi ∈ R, x0 = (0,−1, 1, 1), x1 =
(0,−3,−1, 5), x2 = (4,−1,−3, 3)

5. x = 0, G = {t2 + a1t + a2, a1, a2 ∈ K} ⊂ L2(0, 1)

6. x = t, G = {a + beit + ceit, a, b, c ∈ R} ⊂ L2(0, 2π)

7. x = f (t) ∈ L2(0, 1), G = {g ∈ L2(0, 1) :
∫ 1

2
0 g(t)dt =

∫ 1
1
2

g(t)dt = 0}

E. Nájdite uhol medzi prvkom x a množinou G.

1. x = (1, 3,−1, 3), G = 〈(1,−1, 1, 1), (5, 1,−3, 3)〉

2. x = (1, 1, . . . , 1) ∈ Rn, G := {(x1, . . . , xm, 0, . . . , 0), xi ∈ R}, m < n

3. x = ei, i = 1, . . . , n, G : x1 = x2 = · · · = xn (v Rn)

4. x = ei, i = 1, . . . , n, G : x0 = 2x1 = 22x2 = · · · = 2nxn = . . . (v l2)

F. Nájdite ortogonálny doplnok k podpriestoru U ⊂ H (ukážte, že je to tak).

1. H = R4 a U = {x ∈ R3 : x1 + x2 − x4 = 0}

2. H = l2 a U =
{
(xn)n∈N ∈ l2 : x2n = 0 ∀n ∈ N

}
3. H = L2(−1, 1) a U = { f ∈ C([−1, 1]) : f (−x) = f (x) ∀x ∈ [−1, 1]}

4. H = P4(x) ⊂ L2(−1, 1) a U = P2(x)

5. H = L2(−1, 1) a U =
{

f ∈ C[−1, 1] :
∫ 0
−1 f =

∫ 1
0 f
}

6. H = l2 a U =
{
(xn)n∈N ∈ c00 : ∑∞

n=1
xn
n = 0

}
7. H = Mn,n, 〈A, B〉 = tr(ABT) a U je množina diagonálnych matı́c

8. H = Mn,n, 〈A, B〉 = tr(ABT) a U je množina symetrických matı́c
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G. Nájdite 2 uzavreté podmnožiny M, N ⊂ R2 tak, že M ⊕ N nie je uzavretá a
dist(M, N) = 0.
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