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H. Urcte, ¢i je zobrazenia komutuja.
L (Af)(x) =3(x* +1)f(x) a o7 f(x)
2. (Af)(x) = f'(x) a (Bf)(x) = f(x)?

3. By = ((1) (1)) aB, = <£)1 6) (st samoadjungované?)

4. operétor hybnosti a kinetickej energie (v kvantovej mechanike)

5 A= ((£)2+2%+a)?+2xaB = ((£)2+x>+a)+3x(L)2+38 +3x(x> +a)
(plati M? = L3 — a?)

I. Uréte, i je zobrazenie z X do X je prosté, na a ak X = /2, & je to izometria.
1. S(xl,xz, . ) = (O,xl,xz,. . )

T(x1,%2,x3...) = (x2,%3,...)

Aty = (X —x51)/2, keEN

T:yr=xc/k, keN

A I

M(xl,xz,...) = (xz,x4,...)

Zn73zn+l —
{—m , n=2k+1

—BZHC/%Z”, n =2k

7. {za} > 2z + 2o+ 4 z0)}

6. T(z) =




J. Overte, Ze dané zobrazenie (operator, funkciondl) je linedrne a ndsledne zistite, ¢i
je spojité (teda ohrani¢ené ako zobrazenie z X do Y).

1. F: C([0,1]) = R, F(f) =5f(0) —7f(1/2) +3f(1)
2. K:C([0,1]) = R, K(f) = f(1/2),kde C([0,1]) c X = L£(0,1)

3. 1:C([-1,1]) = R, I(f) = [, sgn(x)f(x)dx
4. F:(* - C, F(z) = fakzk, ac/?
k

5.8: 0% = (2, S(x1,x,...) = (0,x1,x2,...)
6. T: 0% = (% {z,} s {—2}
7. My 0P — 0P, My(x1,xp,...) = (Ayx1, Aoxa,...), A € £
8. T:CY(I)»C(I), T(f) =4, tel

T:X—C(I), T(f) = § +f teLkde X = (CH(I), 1), £l = lIflle+ I£I
10. V: C([0,1]) = C([0,1]), V(f) = [y f(t)dt
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11.

)ﬂ

L £10,1) = R, T(f) = [ t|f(#)|dt
12.

~

X = X, L)1) = f(Hg(t), geC(0,1)), a) X =C(10,1]), )X = £2(0,1)
£(8), a) X = C([0,1]), b) X = £2(0,1)

f(t)

= TR

13. L: X — X, L(f)(t)

14. T: LP(R) — LY(R), T(f) x>0




J1. Zistite, ¢i je dané zobrazenie je samoadjungované, pozitivne a projekcia.

2 3

. IR2 2 _

1. A: R — R4, A—(3 5)

2. P:R" - R", P(x1,...,%,) = (0,x2,...,%x)
3. Allz—>lz, A(.Xl,JCz,...) = (0,0,X3,X4,...)

4. M : 12— 12, Mc(x1,x2,...) = (c1x1,02%,... ), kde (cn)nens C C :sup,cp lon| <
o0

5. A: Dy — C([a,b]), Au = u",kde Dy := {u € C?([a,b]) : u(a) = u(b) =0} C
L?(a,b)

6. A:C?([a,b]) = C([a,b]), Au=u", C?>([a,b]) C L?(a,b)

7. L:C?([a,b]) — C([a,b]), Lu = pg 9t de + 18 + pou, p; € C27i([a,b]), po > 0
C2([a,b]) C L%(a,b)

8. A:Dy — C(Q), Au= —Au,kde Dy :={u € C2(Q) : u(dQ) =0} C L?(a,b)

9. Myp: £2(0,1) — £2(0,1), (Mpf)(x) = f(x)p(x), kde ¢ € L2([0,1],C)

10. A: £%(0,1) — £2(0,1), (Af)(x fo t) dt, kde ¢ € C([0,1])

1. U : L£%a,b) — L£2%(a,b), (Uf)(x) = f(glfl(x)), Vx € [a,b], kde ¢ je

C!—difeomorfizmus

J2. Zistite, ¢i je dané zobrazenie je unitarne.
1. rotdcia na R?
2. (Uaf)(x) = f(A~1x)|det(A)|"1/? na L2(R"),ak 3 A~!
3. T", ak T je unitarne
4. S: 2(R) — /2(R),S(x1,x2,...) = (x2,%3,...)
5. Kz=ZzZnaC

*

_Jx(1), t>0
(Tx)(t) = {—x(t), <™ L2(R)




J3. Zistite, ¢i je dané zobrazenie je normadlne.

1.A:[ —i 2—1—1]

—2+i 0

2. (Fx)(t) = f(t)x(t) na L2(I), kde f je ohrani¢ena komplexn4 funkcia
3. T*,ak T : H — H je normdlne, spojité, linedrne

4. T—Al,akT: H — H je normalne

5. (Tf)(0) = e f(0) na L2(—m, 77)

J4. Zistite, i je dané zobrazenie je disipativne.

-1 3
Las(33)
2. Ax = —xna R"
3. Au = $unaC'([0,1]) C L?(0,1), ak u(1) =0

4. laplacian na £2(Q)), kde Q C R", kde Q) je oblast a funkcie sti nulové na 9Q)

K. Ndjdite izometriu z M do M, ktora nie je surjektivna.

K1. Ndjdite spektrum operatora.
1. A=4,X=C[0,1],Ds = {x € C'[0,1] : x(0) = 0}
2. A=4,X=C[0,1,Dy = {x € C}[0,1]}
3. A=4,X=C[0,1],D4 = {x € C![0,1],x(0) = x(1)}
4. (Tf)(x) = f(x+a),a>0,X = L2(R)
5. (Kx)(t) = [y k(t,s)x(s)ds,k € C([0,1] x [t,1]), X = £2(0,1)
6. Sx =y, x=(...,x_1,%0,%1,.-. ), Yk = Xk—1, X = F*(R)
7. Sx =y,x = (...,x,l,xo,xl,...),yk = x¢_1, X = £?]0, 0)
8. ( = [*_e*(t=5) f(s)ds, Rea < 0, X = L2(R)

9. L71,ak L: X — X aaj L™! je spojité linedrne




L. Vypotitajte 5 (yo; 1), 6*®(yo; h, k) na X.

1. ®(y) = f(x,y(x)), fje diferencovatelnad na R? a X = C([0,1])

2. dy) = [’ (y2 + (y’)z) dx — [ fydx, kde X = C'([a, b])

3. = [1, 22(y)?, dx kde X = C}([-1,1])

4, fl 2x , dx kde X = C}([-1,1))

5. ®(u) = [, ||Vu(x,y)||*d(x,y), kde Q je ohrani¢end oblast, X = C'(Q)
6. D(x,y,2) = [, Z DH)? + ()% + (20)?) dt, kde X = [C'([a, b])*"

M. Nijdite stacionarne body nasledujticich funkcionalov a uréte ich hladkost.

1. (y) = 3 2 dx, pricom y(2) =4, y(3) =9

2 ()2
2. = /- 1x§ )2 dx, pricom y(—1) = -1, y(1) =
3. fo 2] dx, pricom y(0) =0, y(T) =sinT

4. d(y) = 2 Y H;C dx, pricom y(1) =0, y(2) =1
5. @(y) = [} YU dx, pricom y(1/2) = —v3/2, y(1) =
6. d(y) = [1,y2(1—y')*dx, pricom y(~1) = 0, y(1) =1

7. d(y) = fol ()2 — 6x2y + 13y dx, pricom y(0) = 1, y(1) = 2
8. fo > dx, pricom y(0) =0, y(1) = B




N. Néajdite extremaly, ktoré minimalizujt nasledujtice funkcionaly na C!([a, b]).

1L @(y) = fy [(¥)* = 6(y)?] dx, pricom y(0) = 0, y(1) = A

2. d(y) = fol [1+ (14 x?)(y')?] dx, pricom y(0) =0, y(1) =

3. @(y) = [, (v —2|x|)* dx, pricom y(+1) = +1

W

4. @(y) = [} (/) ~ D((y/)? — M) dx, pricom y(0) = 0, y(1) = 1,M > 1

5. ®(y) = [} /)2 + 2 dx, pricom y(0) = y(/2) = 1

6. ®(y) = [{(y)(1+22y') dx, pricom y(1) = —1, y(2) =

7. ®(y) = i [x(v')* = 2y (v/)*] dx, pricom y(1) =0, y(2) =

8. (y) = [y [(y’)2+xz] dx, pricom y(0) = —1, y(1) =

9. d(y) = Jy [1— ] dx, pricom y(0) = 0, y(a) = b,a >0

10. @ fO y')2dx, pricom y(0) = p >0, y(1) =g > 0

11 ®(y) = [ [x*(y")? — 12xy] dx, pricom y(1) = }, y(2) = 2 (na C2([a, b]))

O. Bez overovania najdite extremaly, ktoré minimalizujt nasledujtice funkciondly na
C'([a, D).

1. ®(y) = [;'(v')*dx s podmienkami y(0) = 0, y(r) = 0 as vdzbou [, y*dx =1

2. (y) = fo ydx s podmienkami y(0) = 0, y(b) = 0 a s vizbou fob V14 (y)?dx =
€ (b,mth/2)

3. ®(y) = [, [2ysinx + (y')?] dx s podmienkami y(0) = 0, y(71) = 0 a s védzbou
Jo ydx =

4. O(y) = foz [y + (v')?] dx s podmienkami y(0) = 1, y(3) = 48 a s viazbou f02 xydx =
43

5. ®(y) = fob /14 y%dx s vdzbou fobydx =C
6. d(y) = fol y dx s vizbou fol y?>dx <9

7. ®(y) = fol(y2 — 2y) dx s vdzbou fol x|y| dx < %
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