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Nejaky tvod na Gvod
. Ciselné mnoziny

Podmienky
@ nepovinna Ucast' na prednaskach (Inie na cvi¢eniach!)
@ jedineCna moznost pytat’ sa!!!
@ podmienky ku skiske (zverejnené koncom semestra)

Literattra k prednaSkam

Mihalikova, B. — Ohriska, J.: Matematicka analyza 1, el. skripta
UPJS, Kosice, 2012. http://iwww.upjs.sk/public/media/
5596/Matematicka-analyza-|.pdf

Kluvanek, I. — Misik, L. — Svec, M.: Matematika ., Alfa,
Bratislava, 1966 (v zavislosti od vydania).

Casti elektronického textu spristuprfiovaného na stranke
umv.science.upjs.sk/analyza pri predmete MANDb/19

d'alSie dostupné texty...
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http://www.upjs.sk/public/media/5596/Matematicka-analyza-I.pdf
http://www.upjs.sk/public/media/5596/Matematicka-analyza-I.pdf
umv.science.upjs.sk/analyza

1. Ciselné mnoziny
Historicka exkurzia do dejin matematickej analyzy
@ predchodcovia: Archimedes, Kepler, Fermat, Descartes
@ oficialny vznik v 17. storoCi: Newton, Leibniz

@ kvantitativny rozmach v 18. storoci: Euler, Laplace, Lagrange

@ upresnovanie zakladov v 19. storoCi: Cauchy, Bolzano, Riemann,
Weierstrass, Cantor

@ 20. storocCie — konglomerat teorii

MAN = disciplina zaoberajlca sa Studiom vlastnosti mnozin a ich
vzajomnych zobrazeni, ktoré st ur  €ené topologickou Struktdrou
(Struktura polohy) a Struktrou algebrickych operacii.
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Nejaky tvod na Gvod
I. Ciselné mnoziny

Historicka exkurzia do dejin matematickej analyzy schématicky

Archimedes
Kepler 1615 =
Fermat 1638

Newton 1665 Cauchy 1821 Cantor 1875
Leibniz 1675 = Weierstrass = Dedekind

limity, mnoziny,

integral = derivacia = o L= :
spojité funkcie zobrazenia

— Co je to vlastne integral ? Odpoved:: Limita
— Co je to vlastne derivacia ? Odpoved': Limita
— Co je to vlastne st &et nekone ¢ného radu ? Odpoved': Limita

— A &o je to limita ? Odpoved: Cislo

A Co vlastne to Cislo je???
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Nejaky tvod na avod
I. Ciselné mnoziny

Reélne cisla

... the definition of irrational numbers, on which geometric representations have often had a confusing influence... | take
in my definition a purely formal point of vievgalling some given symbols numhess that the existence of these
numbers is beyond doubt.

Eduard HeineDie Elemente der Funktionenleh{&872)

At that point, my sense of dissatisfaction was so strong that | firmly resolved to start thinking until | should find a purely
arithmetic and absolutely rigorous foundation of the principles of infinitesimal analysis... | achieved this goal on
November 24th, 1858, ... but | could not really decide upon a proper publication, because, firstly, the subject is not easy to
present, and, secondly, the material is not very fruitful.

Dedekind:Stetigkeit und irrationale Zahlef1872)

V/3 is thus only a symbol for a number which has yet to be found, but is not its definition. This definition is, however,
satisfactorily given by my method as, s@¢,7,1,73,1,732, ...}
Georg CantorBemerkung mit Bezug auf den Aufsatz: Zur Weierstra3-Cantorschen Theorie der Irrationa{za@en

Dnes vieme elegantne odpovedat na poloZzenu otazku:
Readlne Cisla su
o triedy ekvivalencii racionalnych Cauchyovskych postupnosti;
@ Dedekindove rezy na mnoZzine racionalnych cisel;
@ jediné najmensie Uplné komutativne archimedovské pole;
@ ??? nejak inak (hlavne ,fudsky*) ???
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od na tvod Reélne ¢isla

selné mnoziny Niektoré dosledky uvedenych axiom

Please forget everything you have learned in school; for you haven't learned it... My daughters have been studying
(chemistry) for several semesters already, think they have learned differential and integral calculus in school, and even
today don’t know whyx -y =y - X is true.

Edmund LandauGrundlagen der Analysi€L930)

Definicia — mnozina realnych cCisel

Mnozinou realnych cisel R budeme nazyvat mnozinu prvkov, na ktorej st
definované operacie s€itania +, nasobenia - a relacia usporiadania < také,
Ze plati:

¢ (R, +,0) je abelovska aditivna grupa, t.j.

St (WX,y € R) x +y =y + x (komutativita sCitania);

S0t (WX,y,z €R) (X +Yy) +z =X+ (y + z) (asociativita s€itania);
Ss: (30 € R)(Vx € R) x + 0 = x (existencia aditivnej identity);

S. (Wx € R)(3y € R) x +y = 0 (existencia opacného prvku).
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Nejaky Gvod na Gvod Redlne ¢isla

I. Ciselné mnoziny Niektoré dosledky uvedenych axiém

Please forget everything you have learned in school; for you haven't learned it... My daughters have been studying
(chemistry) for several semesters already, think they have learned differential and integral calculus in school, and even
today don’t know whyx -y =y - X is true.

Edmund LandauGrundlagen der Analysi€L930)

Definicia — mnozina realnych cisel

Mnozinou realnych cisel R budeme nazyvat mnozinu prvkov, na ktorej st
definované operacie sCitania +, nasobenia - a relacia usporiadania < také,
Ze plati:

o (R\ {0},-,1) je abelovsk& multiplikativna grupa kompatibilna s aditivnou
grupou (R, +,0), t.j.

Ni: (Wx,y € R) x -y =y - x (komutativita nasobenia);

Not (WX,y,z €R) (X -y)-z =X -(y -2z) (asociativita nasobenia);

N3t (31 e R,1 #0)(Vx € R) x - 1 = x (existencia multiplikativnej jednotky);
Na:o (Wx € R\ {0})(3y € R) x -y = 1 (existencia prevratenej hodnoty);

Ns: (WX,y,Zz € R) X - (y +2) =X -y + X - z (distributivita ndsobenia
vzhladom na scitanie).
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/od na Gvod Reélne ¢isla

selné mnoziny Niektoré dosledky uvedenych axiom

Please forget everything you have learned in school; for you haven't learned it... My daughters have been studying
(chemistry) for several semesters already, think they have learned differential and integral calculus in school, and even
today don’t know whyx -y =y - X is true.

Edmund LandauGrundlagen der Analysi€L930)

Definicia — mnozina realnych cisel

Mnozinou realnych cisel R budeme nazyvat mnozinu prvkov, na ktorej su
definované operacie sCitania +, nasobenia - a relacia usporiadania < také,
Ze plati:

e Pre kazdé dva prvky x,y € R plati aspon jeden zo vztahov x <y alebo
y < X, pricom

Ups (W,y eR)x <y Ay < x = X =Y (antisymetria <);
U (WX,y,Zz eR) X <y Ay <z = x <z (tranzitivita <);

Ust (WX,y,Z2 e R) X <y = x +2z <y +z (monoténnost sCitania vzhfadom
na <);

Uy (WX,y eR)0<xA0<y=0<x-y (monoténnost nasobenia
vzhladom na <).
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od na Gvod Reélne ¢isla

selné mnoziny Niektoré dosledky uvedenych axiom

Please forget everything you have learned in school; for you haven't learned it... My daughters have been studying
(chemistry) for several semesters already, think they have learned differential and integral calculus in school, and even
today don’t know whyx -y =y - X is true.

Edmund LandauGrundlagen der Analysi€L930)

Definicia — mnozina realnych cCisel

Mnozinou realnych cisel R budeme nazyvat mnozinu prvkov, na ktorej st
definované operacie sCitania +, nasobenia - a relacia usporiadania < také,
Ze plati:

e Axioma (H) o hornej hranici: Kazda neprazdna zhora ohranicena
podmnozina mnoziny R ma najmensie horné ohranicenie, t.j. ak M C R,

M #(Qa(dz e R)(Vx € M) x <z, tak (3!S € R)

(i) (Vx € M) x < S (S je horné ohranicenie M);

(i) (Vt e R,t < S)(Ixg € M) t < Xp (S je najmensie horné ohraniCenie M).
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Reélne ¢isla

1. Ciselné mnoziny Niektoré dosledky uvedenych axiom

Axiémy sgitania realnych ¢isel
St (VX,y € R) x +y =y + x (komutativita §itania);
S, (WX,y,z €R) (X +Y) +z =X+ (y + z) (asociativita &itania);

(
S50 (30 € R)(Vx € R) x + 0 = x (existencia aditivnej identity);
(Vx € R)(Iy € R) x +y = 0 (existencia opaného prvku).

Sy

(i) (3'0 e R)(¥x € R) x + 0 = x;
(i) (3L e R)(Vx e R) x -1 =x;
(i) (W e R)(3y e R) x +y =0;

(iv) (W e R,x 20)(Tly e R) x -y = 1.

Prvok opacny k prvku x € R oznacujeme —x. Sucet x + (—y) budeme pisat
v tvare x — y a oznacCovat ako rozdiel prvkov x a y. Ziskana operacia sa
nazyva odcitanie.

Prvok, ktory je prevratenou hodnotou k x € R\ {0}, oznacujeme % Sacin
X - % budeme pisat' v tvare X a oznacovat ako podiel prvkov x ay # 0.

Takto ziskanu operaciu nazyvame delenie (okrem delenia prvkom 0).
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Reélne ¢isla

I. Ciselné mnoziny Niektoré dosledky uvedenych axiém

Axiémy sgitania realnych ¢isel
St (VX,y € R) x +y =y + x (komutativita §itania);
(Vx,y,z €R) (x +Yy) +z =x + (y + z) (asociativita &itania);
S50 (30 € R)(Vx € R) x + 0 = x (existencia aditivnej identity);
(Vx € R)(Iy € R) x +y = 0 (existencia opaného prvku).

Prvok opacny k prvku x € R oznacujeme —x. Sucet x + (—y) budeme pisat
v tvare x — y a oznacCovat ako rozdiel prvkov x a y.

Prvok, ktory je prevratenou hodnotou k x € R \ {0}, oznacujeme )% Sacin
budeme pisat v tvare — a oznaCovat ako podiel prvkov x ay # 0.

Tvrdenie 1.2

(i) (vx,y €R) — (X +y) =—x+(=y);
(i) (Vx,y € R,x #0,y #0) ;& =% - -

x
<=
5
< | X
<

Veta 1.3

() (Va,b e R)(3'x e R) a+x = b;
(i) (Va,b e R,a#0)(3'x e R) a-x =b.
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Reélne ¢isla

I. Ciselné mnoziny Niektoré dosledky uvedenych axiém
Axiémy usporiadania realnych ¢isel
Ui (W, y € R) x <y Ay < x = x =y (antisymetria<);

Ust (WX,y,z € R) x <y Ay <z = x < z (tranzitivita<);
Uzt (WX,y,z € ]R) x <y = x +z <y + z (monoténnost &itania vzhfadom na<);
Uy (WX,y ER)0<xA0<y = 0<x -y (monoténnost nasobenia vzhfadom 3.

(¥x,y,z €R)

() X <YyAYy<ZAX=Z=>X=Y=2;

(I X<yAy<z=Xx<2;

(I XxX<y&e©0<y-—-x&-y<-—Xx&x-—y<O0;
(V) X<y=Xx+z<y+2z;

(V) xX<y&el<y—Xx&-y<-—x&ex-y<0.

Cislo x € R budeme nazyvat nezaporné (kladné), akk 0 < x (0 < x) a
nekladné (zaporne), akk x < 0 (x < 0).

Veta 1.5 (trichotémia relacie <)

(W, y eR) (x <y)V(x=Yy)V(y<x)
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Reélne ¢isla

I. Ciselné mnoziny Niektoré dosledky uvedenych axiém
Axiémy usporiadania realnych ¢isel
Ui (W, y € R) x <y Ay < x = x =y (antisymetria<);

Ust (WX,y,z € R) x <y Ay <z = x < z (tranzitivita<);
Us: (VX,y,z € R) x <y = x+z <y + z (monoténnost &ftania vzhfadom na<);
Uy (WX,y ER)0<xA0<y = 0<x -y (monoténnost nasobenia vzhfadom 3.

Tvrdenie 1.6

(Vx,y € R)

() 0<x=-x<0A0<;

() (0<xAO<y)V(xX<O0AYy<0)=0<x-Y;
(i) (O<xAYy<0)VX<O0AO<Yy)=X -y <O0;
(V) (x#0Ay #0A0<x<y)=0<y <.

Tvrdenie I.7
(VX,y,z €R)

() x<yAO0<z)=xz<yz;

(i) x<yAz<0)=yz <xz.
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Nejaky tvod na tvod Reélne ¢isla

I. Ciselné mnoziny Niektoré dosledky uvedenych axiém

Axiémy usporiadania realnych ¢isel

Upr (Wx,y € R) x <y Ay < x = x =Y (antisymetria<);

Ust (WX,y,z € R) x <y Ay <z = x < z (tranzitivita<);
Us: (VX,y,z € R) x <y = x+z <y + z (monoténnost &ftania vzhfadom na<);
Uy (WX,y ER)0<xA0<y = 0<x -y (monoténnost nasobenia vzhfadom 3.

Ulohy na (pre)cvi ¢enie
Dokézte nasledujlce tvrdenia:
O (W eR)0-x=0;
O(WX,yeR)x-y=0&x=0VvVy=0;
O (WX eR) —x=(-1)-x;

O (WY ER) x - (=y) = —Xx-y;
O

va,b,c,d € R,b #0,d # 0) %%:%;
<& (Va,b,c,d € R,b #0,d #0) gzgéad = bc;
o (va,b,c,d € R,b £ 0,d £ 0) %+§:$.
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