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. Ciselné mnoziny Mocniny, odmocniny a logaritmy realnych cisel

Mocnina s prirodzenym a celo Ciselnym exponentom

Definicia (mocniny s prirodzenym exponentom)

Nech x € Ran € N. Cislo x" dané predpisom
(@) x!:=x,

(b) x":=x""1.x pren > 1.

nazyvame n-tou mocninou cisla x.

Here it will be proper to observe, that | make useof!, x ~2,

Isaac NewtonFluxiones(1671)

Definicia (mocniny s celoCiselnym exponentom)
Nech x € R. Potom

(@) x%:=1,

(b) prex #0an € N polozme x ™" := =.

1
XN

Tvrdenie 1.19

(a) (Vx e R\ {0})(Vm,n € Z) x" . xM = x"+M
(b) (vx e R\ {0})(Ym,n € Z) (x")™ =x"™M
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. Ciselné mnoziny Mocniny, odmocniny a logaritmy realnych cisel

Mocnina s prirodzenym a celo Ciselnym exponentom

Definicia (mocniny s prirodzenym exponentom)

Nech x € Ran e N. Cislo x" dané predpisom
(@) x!:=x,

(b) x":=x""1.xpren > 1.

nazyvame n-tou mocninou Cisla x.

Here it will be proper to observe, that | make usexof!, x =2, x =3, x =4, etc.for, L, L L etc.
X X X

Isaac NewtonFluxiones(1671)

Definicia (mocniny s celoCiselnym exponentom)
Nech x € R. Potom
(@ x%:=1,

(b) prex #0an € Npolozme x " := L.

Tvrdenie 1.20

(@) (vx,y € R\ {0})(Vn € Z) (xy)" =x"y"
(b) (Wx,y eR,0<x <y)(Vn e N) x" <y"
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. Ciselné mnoziny

n-t4 odmocnina redlneho ¢isla
Co je to &islo v/2?

V/2 is thus only a symbol for a number which has yet to be found, but is not its definition. This definition is, however,
satisfactorily given by my method as, s@§,4, 1,41, 1,414, ...}
Georg CantorBemerkung mit Bezug auf den Aufsatz: Zur Weierstra-Cantorschen Theorie der Irrationa(da@8h

Co tym chce Cantor povedat? Ak( svoju metédu ma na mysli?
12 <2<2?
142 <2 <15
1,412 < 2 < 1,422
1,414% < 2 < 1,415?

Ukazme, ze
V2 =sup{1,4;1,41;1,414;...}.

V/2 je iracionalne &islo: Predpokladajme, Ze existuju také nestdelitelné &isla p, g € N, Ze 2 = (p/q)?. Potom 2q2 = p?,

teda p? je parne (a preto aj p je parne), &ize p = 2m, kde m € N. Z toho ale vyplyva, Ze 2% = p? = 4m?, ateda g2 = 2m?,

€o znamena, Ze g je parne. Ked' vSak obe &isla p, g si parne, mame spor, pretoze nie st nesudelitelné.
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. Ciselné mnoziny Mocniny, odmocniny a logaritmy realnych cisel

Co je teda &islo /x?

Veta o existencii a jednoznacnosti n-tej odmocniny

(W eR,x >0)(Vn e N)(3ly e R,y >0) y"=x

Nagrt dokazu: Definujme mnozinu A = {z € R;z" < x}. Lahko sa ukaze, ze A # 0 a je ohranitena zhora, teda

(3ly = supA). O tomto &isle y sa dalej ukaZe, Ze vyhovuje rovnici y? = x (pomocou trichotémie).
Poznamky:

(i) niekedy vieme odmocnit aj zaporné Cisla, t.j.ak x <0an € N je
neparne, potom kladieme /x := —/—x

(i) veta neplati v €islach komplexnych!!!

Veta .21
(VX,y € R,x >0,y > 0)(Vm,n € N) y/Xy = VX - Iy A VX = "X

Veta |.22

(Wx,y e R,0<x <y)(Vn € N) VX < Iy
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. Ciselné mnoziny Mocniny, odmocniny a logaritmy realnych cisel

Mocnina s racionalnym exponentom

1 3 5 1 2
Here it will be properto observe that | make usex@f, x 2,x2,x 3,x 3, etc. forv/X,v/x3,v/x5, Ix, ¥ x2, etc.,

_1
andofx ~2,x 3 ,X ~% etc. forL, L L et

Y
Isaac NewtonFluxiones(1671)

|
N

Definicia (mocniny s racionalnym exponentom)

Nechx e R,x >0ar = 5, p € Z, q € N. Mocninou x" nazyvame Cislo v/xP.

Veta (o0 jednoznacnosti mocniny s racionalnym exponentom)
(Vx €R,x >0)(Vr € Q) (r=§=1,p,meZq,neN)= JX™ = VxP

Veta [.23
(vx,y € R,x >0,y > 0)(Vr,s € Q)

() x -y =0y) A% =(2)

e r
(i) x"-x®=x"SA X =x"5,

(i) (x<yAr>0)=x"<y";
(iv) (x >1Ar>s)=x">x".
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. Ciselné mnoziny Mocniny, odmocniny a logaritmy realnych cisel

Mocnina s realnym exponentom

Eodem modo res se habet, si exponenalores irrationales accipiat, quibus casibus cum difficile sit numerum valorum

involutorum concipere, unicus tantum realis consideraturaS@ erit valor determinatus intra limite® eta®
comprehensus...
Leonhard Eulertntroductio in analysin infinitorunf1748)

VT _ 2 _26 _264 _2645 26457
s —Sup{7r77r , T , T , T 7...,}

Definicia (mocniny s realnym exponentom)
Nech x, a € R.

() Akx > 1aa > 0, tak mocninou x* budeme rozumiet' Cislo
sup{x";r e Q.0 <r < a}.

(i) Prex € (0,1) a a > 0 definujeme x* = €

() Prex =1aa € R definujeme x* = 1« = 1.

(iv) Prex > 0a «a < 0 definujeme x« =

|
o

2
|
o

(v) Pre x =0 a a > 0 definujeme x* =
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. Ciselné mnoziny Mocniny, odmocniny a logaritmy realnych cisel

Mocnina s realnym exponentom

Eodem modo res se habet, si exponenalores irrationales accipiat, quibus casibus cum difficile sit numerum valorum
involutorum concipere, unicus tantum realis consideraturaS@ erit valor determinatus intra limites® eta®

comprehensus...
Leonhard Eulertntroductio in analysin infinitorunf1748)

Tvrdenie 1.24

(vx,y € R,x >0,y > 0)(Ve, 8 € R)

() x=-ye = ()" A = (%)

(i) x* - xB = xo*+0 A X2 = xo=B A (x¥)P = x*F,

(i) X>1Aa>0)V(xe€(0,1)ANa<0)=x*>1,
(V) x>1Aa<0)V(xe(0,1)Aa>0)=x><1;

V)
(V) (x>1Aa<B)=x*< x5
(Vi) (x € (0,1) A < B) = x> x5,
)

)

(Vi) (0O<x<yAa>0)=x><y?;

(Vi) (O<x<yAa<0)=x*>y~
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. Ciselné mnoziny

Logaritmus redlneho Ccisla

Seeing there is nothing that is so troublesome to mathematical practice, nor that doth more molest and hinder calculators,
than the multiplications, divisions, square and cubical extractions of great numbers. ... | began therefore to consider in my
mind by what certain and ready art | might remove those hindrances.

John NapierMirifici logarithmorum canonis descripti¢1614)

ARITHMETICAE LIiBER 111, 237
T & dilffone. ut plene oftendi 1ib. 1, capite de geomet.progrel, |
Vide ergo,

00 e 20 3¢ 4 5. 6 7. 8
e 2+ 4+ 8, 16, 32, 64, 128, 256, Wy
Sicutex additione(in fuperiore ordine) 3 ad s fiunt 8.fic(in in- jEILOGARITHMO-
feriore ordine)ex multiplicatione g in 32 flunt 256.Eftautem| |/ B o,
3 exponens ipfius o®onarij, & 5 eft exponens numeri 32 . & 8
eft exponensnumeri256, Itemficutin ordine fuperiori,ex
fubtn&ione 3 de 7.remanent 4.{ta in inferiori ordine ex diui-
fione 28 per 8,flunt 16,

Sed oftendenda eft ifta {peculatio per exemplum, .
=3 |-2—1] of 1] 2] 3] 4| 5] ¢
| 2] 5| %] 1] 2| 4] 8[s6[32|64]

Ejufque ufs,in utraque Trigonome-
a1t

Michael Stifel: Arithmetica integra (1544)

Ondrej Hutnik



. Ciselné mnoziny Mocniny, odmocniny a logaritmy realnych cisel

Logaritmus redlneho Ccisla

... the accent in calculation led Justus Byrgius on the way to these very logarithms many years before Napier's system
appeared; but ... instead of rearing up his child for the public benefit he deserted it in the birth.
Johannes KepleRudolphine Table§1627)

Definicia (logaritmu realneho Cisla)

Necha,x e R,a > 0,a # 1, x > 0. Realne Cislo y také, ze a¥ = x
nazyvame logaritmus Cisla x pri zaklade a a piSeme y = log, X.

JoHN NAPIER (1550-1617) JoosT BURGI (1552-1632)

Veta o existencii a jednoznacnosti logaritmu

(Va,x e R,a>0,a#1,x >0)(3y e R) a¥ =x
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. Ciselné mnoziny Mocniny, odmocniny a logaritmy realnych cisel

Logaritmus redlneho Ccisla

... the accent in calculation led Justus Byrgius on the way to these very logarithms many years before Napier's system
appeared; but ... instead of rearing up his child for the public benefit he deserted it in the birth.
Johannes KepleRudolphine Table§1627)

N
N
<
\

Definicia (logaritmu realneho Cisla)

Necha,x e R,a > 0,a # 1, x > 0. Realne Cislo y také, ze a¥ = x
nazyvame logaritmus Cisla x pri zaklade a a piSeme y = log, X

Veta .25

(Va,b,x,y,a e R,a>0,a#1,b>0,b#1,x >0,y >0)
(1) log,1=0Alog,a=1

(1) loga(xy) = log, x +log,y Alog, § =log, X —log, y;
(i) log, x* = alog, X A log, x = g, x _ = logy, X - log, b;

~ log,a

) (a>1Ax<y)=log,x < log,y;

v) (a€(0,1)Ax <y)=-log,x > log,y.
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