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IV. Rady redlnych cisel

Prvy dotyk s nekone ¢nymi radmi
ZENON Z ELEY (asi 490 p.n.l. — 430 p.n.l.)

Apdria o Achillovi a korytna  ¢ke: Jedného dna sa konal zavod
medzi korytnackou a Achillom na trati dlhej 100 metrov. Ked'ze
Achilles je 10 krat rychlejSi ako korytnacka, dostala korytnacka
naskok 10 metrov. Zavod sa zacal. Kym Achilles ubehol 10 metrov a
dostal sa na Startovaciu poziciu korytnacky, korytnacka ubehla
nejaky kus d'alej. Achilles sa dostal aj na toto miesto, ale korytnacka
bola zase o kusok d'alej. Tato situacia sa neustale opakuje.
Dobehne Achilles korytnacku?
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IV. Rady realnych cisel

Druhy dotyk s nekone ¢nymi radmi

Predstavme si pomalého slimaka, ktory lezie smerom hore
po rychlorasticom hribe.
Dolezie slimak niekedy na vrchol hriba?

1 m/den

1 cm/den

Ondrej Hutnik Matematicka analyza FRP



IV. Rady redlnych cisel

Treti dotyk s nekone ¢nymi radmi

Majme n identickych kariet. Ako najd'alej za hranu stola méze
vyCnievat' kopa kariet bez toho, aby spadla?

http://mathworld.wolfram.com/BookStackingProblem.html
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IV. Rady redlnych cisel

Toto keby videl Zendn...

“

1/2

kS

22 _|_...:]_

1
4 —

=
2 23

Ondrej Hutnik



IV. Rady redlnych cisel

Toto keby videl Zendn...
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IV. Rady realnych cisel

Toto keby videl Zendn...
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IV. Rady realnych cisel

Toto keby videl slimék... (aj s kopou kariet)

)DL
n 1 23 7

n=1

http://scipp.ucsc.edu/~haber/archives/physics116A10/
harmapa.pdf
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IV. Rady redlnych cisel

Ako definovat si cet nekone ¢ného ciselného radu?

Grandiho rad (1703) : i(fl)” =14+(-1)+1+(-1)+...
n=0
1+((-1)+1)+((-1))+1)+---=14+0+0+---=1

A+(-1)+@2+(-21)+---=0+0+---=0

Guipo GRANDI (1671 1742)

Grandi’s argument is interesting, but wrong because it causes contradictions... The mistake is caused by the use of a series
from which it is impossible to get any conclusion. In fact, it doesn’t happen that if we stop this series, the following terms
can be neglected in comparison with preceding terms; this property is verified only for convergent series...

Jacopo RiccatiSaggio intorno al sistema dell’'univergn754)
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IV. Rady redlnych cisel

Ako definovat si cet nekone ¢ného ciselného radu?

Grandiho rad (1703) : i(fl)” =14+(-1)+1+(-1)+...
n=0
1+((-)+)+((-1)+1)+---=14+0+0+---=1 B
A+ (-1)+2+(-1)+---=0+0+---=0 }:1_0

Now if, therefore, the series is taken to infinity and (consequently) the number of terms cannot be regarded as either even
or odd, it cannot be concluded that the sum is either 0 or 1, but we ought to take a certain median value which differs
equally from both, namelg /2.
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Ako definovat si cet nekone ¢ného ciselného radu?

We call aseriesan indefinite sequence of quantities, uj , Uy, ug, ..., which follow from one to another according to a
determined law... Lesp = ug + u3 + Uy + - - - + u,_; to be the sum of the first terms, wheren denotes any
integer number. If, for ever increasing valuesothe sumsy, indefinitely approaches a certain linsitthe series is said
to be convergent, and the limit in question is called the sum of the series. On the contrary, if the does not approach
any fixed limit as it increases infinitely, the series is divergent, and does not have a sum. In either case, the term which
corresponds to the index that isup, is what we call the general term. For the series to be completely determined, it is
enough that we give its general term as a function of the imdex

Luis Augustin CauchyCours d’analyse€1821)

Postupnosti (a,)3° priradime postupnost’ (sp)° nasledovne:
S; = ai,
S2 = a1 +az = S; + ay,

Sn41 = @1+ - -+ @ny1 = Sn + Any1-

o0
Symbola; +a, +---+an + ..., alebo skratene > a,, budeme nazyvat
n=1
(oo}
nekonecny Ciselny rad. Prvok a, nazyvame n-ty ¢len radu > a,.
n=1
Postupnost (sp)$° nazyvame postupnost Ciastocnych suctov (p.c.s.) radu

o0 o0
> ap a prvok s, n-ty Ciastocny sucet radu 3 an.
n=1 n=1
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IV. Rady redlnych cisel

Ako definovat si cet nekone ¢ného ciselného radu?
Definicia

oo
Suctom radu Y an nazyvame konec€n( limitu postupnosti jeho Ciastocnych
n=1
o0
suctov a zapisujeme > ap = nIim Shp = S < +oco. Rad sa nazyva
n=1 —e
konvergentny, akk konverguje postupnost jeho Ciastocnych suctov. Rad,
ktory nie je konvergentny, nazyvame divergentny.

o0
Pre rad > a, mdZe nastat prave jeden z nasledujicich pripadov:
n=1 -
@ lim sp=seR..rad ) a,je konvergentny a ma sucet s;

n—oo n=1

@ lim s, =+o0...rad ) a, diverguje do +oc;

n—oo n=1
o0

@ lim s, = —o0...rad ) a, diverguje do —oc;
n—oo n:1

oo
@ neexistuje ani vlastna ani nevlastnd limita p.¢.s. ... rad > a, osciluje
n=1
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IV. Rady redlnych cisel

Nekone €ny Ciselny rad a jeho st Cet — elementarne priklady

Notable enough, however, are the controversies over the devie + 1 — 1+ 1 — 1 + . . ., whose sum was given
by Leibniz as 1/2, although others disagree... the controversy turns on the question whether the series of this type have a
certain sum. Understanding of this question is to be sought in the word "sum"... we should in general give up this idea of

sum for divergent series...
Leonhard EulerDe seriebus divergentiby760)

Geometricky rad: § a-gq",kdea#0,9#0
n=0

(akq =1,taksh =a+a+---+a=a-n— too,teda geometricky rad diverguje do +oo;
~—————
n
0, n=2k,

a n—2k— 1,teda geometricky (Grandiho) rad osciluje;

(ijakq = —1,taksy = a+ (—a) + - -+ (=1)"a = {

n
(ii)ak |q] # 1,taksn =a+ag+ag? +---+ag" "L =a (1 I I TS q”_l) = all__qq a mame tri moznosti:

(iiiy) pre |q] < 1je lim q" =0, ¢&ize lim s, = 125 ti- geometricky rad konverguije;
n—oo n— oo —q

(iii;) preq > 1je N lim q" = oo, Gize n lim sp = Fo0, t.j. geometricky rad diverguje do +oo;
— oo — oo

(iii3) pre g < —1 neexistuje N Iimoo q", cize N Iimoo Sn neexistuje, t.j. geometricky rad osciluje;
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IV. Rady redlnych cisel

Nekone €ny cCiselny rad a jeho su Cet — elementarne priklady

Divergent series are the invention of the devil, and it is shameful to base on them any demonstration whatsoever.
Niels Henrik Abel:Ouevreg1826)

o0
L . 1
Harmonicky rad: " =
n=1 1 1
an " any2 .

a1

+1
— &leny radu uréuja vinova dizku vy33ich harmonickych ténov zakladného ténu (v postupnosti prima, oktava, kvinta, kvarta,
velka tercia, mala tercia, atd'.);

— kazdy €len harmonického radu je harmonickym priemerom dvoch susednych €lenoy, t.j. (Vn € N)

— NicoLA ORESME (1323-1382) ako prvy dokazal okolo roku 1350 divergenciu harmonického radu:
1 1 1 1 1 1 1 11 1 1 1 1 1
Z** ottt St DAk m o ot S oo Sk Sk Sk S oo =dhes
3 4 5 6 7 8 2 4 4 8 8 8 8 2 2 2
. . 1\" 1 .
— Iny dokaz : Ked'ze (Vn € N) <1+—) <e & n(n(h+1)—Ihn)<1 < In(n+1)—Inn < —, postupnym
n n

dosadzovanim hodnét n a s€itanim tychto nerovnosti madme (vn € N) In(n+1) —In1 < 1 + % + -+ % = sp. KedZe
R Iimoo Inn = +o0, podfa policajtov pre nevlastné limity aj R IimOc Sp = +o0.

T o>
TR >
T T T T T >

7 =
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IV. Rady realnych cisel

Pripomenutie: na konvergenciu radu sa pozerame cez konvergenciu postupnosti jeho ciastocnych stctov!

Veta (Cauchyho-Bolzanovo kritérium konvergencie radu)

Rad io: a, konverguje prave vtedy, ked' p.c.s. (sp)° je fundamentalna, t.j.
"=l (Ve > 0)(3np)(Yn € N, n > np)(Vk € N) |sp — Sk < €.

AUGUSTIN CAUCHY (1789-1857) BERNARD BOLZANO (1781-1848)

Désledok (nutnd podmienka konvergencie radu)

Akrad Y a, konverguje, potom lim a, = 0.
n=1 n—oo

The sum of an infinite series whose final term vanishes perhaps is infinite, perhaps finite.
Jacob BernoulliArs conjectand{vydané posmrtne v roku 1713)
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