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V. Diferencialny po cet

Operacie so spojitymi funkciami — zopakovanie
Pripomenutie: funkcia je trivialne spojita v kazdom izolovanom bode svojho definiéného oboru!
funkcia f je spojita v hromadnom bode xg € Dy < xlin;n( f(x) = f(xg)
—X0

Veta (0 spojitosti zloZenej funkcie)

Nech g je spojita v bode xg € Dy a f je spojita v bode yo = g(Xo) € Ds.
Potom f o g je spojitd v bode Xo.

Poznamky:
— Veta o spojitosti zloZenej funkcie v pripade hromadného bodu xo € Dy a
hromadného bodu yo = g(xo) € Ds tvrdi, Ze

Jim g() =g() A lm f(y) =f(yo) = Jim (fog)(x) = im f(y) = (f > g)(xo),

¢o je nami ,tizobne" o€akavany vysledok legalizujici mnohé nase vypocty
prevadzané doteraz!

— aké su podstatné rozdiely medzi Vetou o spoijitosti zlozenej funkcie a Vetou o limite
zlozenej funkcie?

— Veta o spojitosti zloZenej funkcie dava iba postacujucu podmienku spojitosti
kompozicie, nie vSak nutnu, ako uz vieme z prikladu f = g = x uvedeného pri Vete
o limite zloZenej funkcie
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V. Diferencialny po cet Spojitost funkcie v bode a na mnozine

Operécie so spojitymi funkciami

VSetky z&kladné elementarne funkcie su spojité v kazdom bode svojho
definicného oboru.

konstantna funkcia, identita, mocninna funkcia mog, pre m € Z
polyném, racionalna lomena funkcia

exponencialna funkcia €*

hyperbolické funkcie

v3eobecna exponencialna funkcia a* = e "2 prea>0,a#lax € R
funkcia sinus a kosinus: cos x = sin (g — x) prex e R

ostatné goniometrické funkcie

logaritmicka funkcia, vS8eobecna mocninna funkcia mog, pre a € R,
cyklometrické a hyperbolometrické funkcie — Coskoro (veta o spojitosti
inverznej funkcie)

R NENENENENENEN

Poznamka: aj mnohé neelementarne funkcie st spojité na svojich definiénych oboroch, napr. integréalny sinus
X sint o
Si(x) = / = dt, Eulerova gama funkcia I'(x) = / 1 dt, atd. (zatial sme na porozumenie a zdévodnenie toho
0 0
nevyzreli :)), ale neelementarne funkcie sgn €i E nie st spojité!
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Spojitost funkcie v bode a ,bod po bode*

Definicia — spojitost’ funkcie v bode
Hovorime, Ze funkcia f je spojita v bode xq € Dy, akk
(Ve > 0)(36 > 0)(¥x € D¢) [|x —Xo| <& = |f(x)—T(X0)| < ]

Definicia — spojitost funkcie na mnoZine

Hovorime, Ze funkcia f je spojita na mnozine M C Dy (piSeme f € €(M)),
akk f je spojita v kazdom bode mnoziny M.

Kvantifikovane: f € €(M) < (Vxg € M)(Ve > 0)(35 > 0)(Vx € Df) [|x —Xp| < & = [f(x) —f(x0)| < €]

K —
f&nD

f(&)
K —
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V. Diferencialny po cet Spojitost funkcie v bode a na mnozine

With his theorem, which states thatantinuousfunction of a real variable actually attains its least upper and greatest
lower bounds, i.e., necessarily possesses a maximum and a minimum, Weierstrass created a tool which today is
indispensable to all mathematicians for more refined analytical or arithmetical investigations.

Hilbert: Gesammelte Abhvol. 3 (1897), p. 333

Weierstrassova veta o ohranic¢enosti (1861)

Kazda spojita funkcia na uzavretom intervale je na tomto intervale
ohranicena.

Peios ﬂ;%

KARL THEODOR WILHELM WEIERSTRASS (1815-1897)
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V. Diferencialny po cet Spojitost funkcie v bode a na mnozine

With his theorem, which states thatantinuousfunction of a real variable actually attains its least upper and greatest
lower bounds, i.e., necessarily possesses a maximum and a minimum, Weierstrass created a tool which today is
indispensable to all mathematicians for more refined analytical or arithmetical investigations.

Hilbert: Gesammelte Abhvol. 3 (1897), p. 333

Weierstrassova veta 0 maxime a minime (1861)

Kazda spojita funkcia na uzavretom intervale nadobuda na tomto intervale
maximum a minimum.

dt

//7&444‘13%

KARL THEODOR WILHELM WEIERSTRASS (1815-1897)
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V. Diferencialny po cet

With his theorem, which states thatantinuousfunction of a real variable actually attains its least upper and greatest
lower bounds, i.e., necessarily possesses a maximum and a minimum, Weierstrass created a tool which today is
indispensable to all mathematicians for more refined analytical or arithmetical investigations.

Hilbert: Gesammelte Abhvol. 3 (1897), p. 333

Weierstrassova veta o ohranicenosti/o maxime a minime (1861)

Kazda spojita funkcia na uzavretom intervale je na fiom ohranicena a
nadobuda na tomto intervale maximum a minimum.

@ podmienka uzavretosti intervalu délezit, lebo funkcia f(x) = 1/x na
intervale (0, 1) nie je ohrani€ena (a teda neméa supremum!) a funkcia
f(x) = x2 na intervale (0, 1) je sice ohranitend, ale nenadobtda svoje
infimum a supremum;

@ podmienka spojitosti sa tiez neda vynechat, napr.

x+1, xe(-1,0),
f(x) =140, x =0,
x—1, x€(0,1)
nie je spojitd a nenadobuda infimum ani supremum.

Samozrejme, pri nespojitych funkciach moze byt situéacia eSte zaujimavejsia!
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Rovnomerna spojitost’ funkcie na mnozine

It has apparently not yet been observed, that ... continuity at any single point ... is not the continuity ... which can be
calleduniform continuity because it extends uniformly to all points and in all directions.
Heine:Ueber trigonometrische Reihgh870), p. 361

Funkciu f sme nazvali spojitd na mnozine M C Dy, akk

(Ve > 0)(Vx e M)(F6 > 0)(WVy e M) [[x —y| <d = [f(x)—Tf(y)| < €]
Otazka: Co ak zamenime poradie kvantifikatorov?

(Ve > 0)(35 > 0)(Wx e M)(Vy e M) [[x —y| < = |f(X) —f(y)| < €]

a) € b)
€
€]
€ €
€ C)
€ €
€ Z
3 [ 5
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It has apparently not yet been observed, that ... continuity at any single point ... is not the continuity ... which can be
calleduniform continuity because it extends uniformly to all points and in all directions.
Heine:Ueber trigonometrische Reihh870), p. 361

Definicia — rovnomerna spojitost funkcie na mnozine

Funkciu f nazyvame rovnomerne spojita na mnozine M C Ds (piSeme
f € Gu(M)), akk (Ve > 0) (30 > 0) (VX,y € M, |x —y| < 8) [f(x) —f(y)| < e.

Poznédmka: spojitost na mnozine je bodova zaleZitost, ale rovhomerna spojitost nema zmysel bodovo!

Ako to zaZit na vlastnej kozi? : Nech na realnej osi je v kazdom bode urcité
napatie. Ak funkcia uréujlica napatie je rovnomerne spojita, mézeme najst dizku
kroku, s ktorou sa mézeme po reélnej osi (bezpecne) prechadzat (takzvané
.Krokové napatie), t.j. ak pozadujeme rozdiel napéatia £, najdeme velkost kroku §.

220 =

fr)
krokové {
napitie

fix)

spadnuty drét
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It has apparently not yet been observed, that ... continuity at any single point ... is not the continuity ... which can be
calleduniform continuity because it extends uniformly to all points and in all directions.
Heine:Ueber trigonometrische Reihh870), p. 361

Definicia — rovnomerna spojitost’ funkcie na mnozine

Funkciu f nazyvame rovnomerne spojita na mnozine M C D; (piSeme
f € €.(M)), akk (Ve > 0) (30 > 0) (Vx,y € M, [x —y| <) [f(X) —f(y)| <e.

Geometricka predstava rovhomernej spojitosti : Predstavme si, Ze po
grafe funkcie leti dvojplosnik, ktory sa nesmie dotknit grafu dolnym ani
hornym kridlom. Pred letom si mézeme upravit' lietadlo (kridla su od seba
vzdialené o ¢ a su dIhé ¢). Ak sa let podari, je funkcia rovnomerne spojita.

—>

B= g
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It has apparently not yet been observed, that ... continuity at any single point ... is not the continuity ... which can be
calleduniform continuity because it extends uniformly to all points and in all directions.
Heine:Ueber trigonometrische Reihh870), p. 361

Definicia — rovnomerna spojitost funkcie na mnozine

Funkciu f nazyvame rovnomerne spojita na mnozine M C Ds (piSeme
f € €.(M)), akk (Ve > 0) (30 > 0) (Vx,y € M, [x —y| <) [f(Xx) —f(y)| <e.

—_— f
—>

]

Pozorovanie:f € 4,(M) < (VXn,Yn € M)nimoo [Xn—Yn| =0 = nimoo [f(Xn)—Ff(yn)| =0

4u(M) € ¢(M)
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The general ideas of the proof of several theorems in § 3 according to the principles of Mr. Weierstrass are known to me
by oral communications from himself, from Mr. Schwarz and ®antor, so that ...
Heine:Die Elemente der Funktionenleh{&872), p. 182

Veta (Heineho-Cantorova, 1872)

%u(a,b) = €(a,b)

EDUARD HEINE (1821-1881) GEORG CANTOR (1845-1918)
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