
RANDOM FORCING

by

Lev BUkowsky

Boolean algebras allow us to cons cruet models of set "theory and
to obtain in this way some results concerning Lebesgue measure
(mainly independence results). On the othel' hand, using measure

one can construct a Boolean algebra. In thi.s XX) te I want to
present SOlIa rather elementary results of t;his kind. Owing to the

duality between measure and category the gI'eat majority of our
results can be almost immediately dualised,

Our terminology and notation are standard. Mostly, we shall

follow [2J. We recall some notions.

If B is Boolean algebra then ':feB) i.s the Stone space of
all ultrafil ters on B wi th the topology induced by {s(a); a. E- B},
where s( a) = {j '5 (B); a : j} • The completion Com (B) of B

is the complete Boolean RO( (B» of all regular open
subsets of (B). s is the embedding of B into Com (B) 0

If B is a complete Boolean algebra then the Boolean
universe vB is defined by Eo -induction as VB = U v:.,
where lXE On

vB =It'o

= U for x limit,
."

V
lX
+1 ={ r ; dom (f) S. B}

The natural embedding It v It of V into VB is defined by induction:

for y E x.

The Boolean value II <p(x1,.·· ,xn) II B is de,fine d in [2J for

x1' ••• , x n E VB (the sUbscrij,>t B is usually omitted).

vB\=. <p lll3ans that \I =1. Instead of v.BI=<p(i1 , ••• ,Xu) we
write simply vl1= <p(x1, ... ,xu) (for x1' ••• ,xn : V). V is often
00 nsid ered as a subclass of VB.

A class M is called a model-clasB iff all the axioms of
set theory (including the axiom of choice are true in the model

M, E: rM. A notion 0 relativised to this model is denoted by 0 M.
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If D is a complete subalgebra of B then vD is a model-class
. VBIn ••

If M is a mod el-cla ss , B E M is a Boolean algebra, then

B is said to be iff the union VX exists for every

X B, X M. In a similar way the notion of aM-complete

homomorphism can be defined.

§ 1. IT:ERATION AND :FORCING

Let j i : BL-» B be a complete embeddiog of a complete
Boolean algebra Bi ioto a complete Boolean algebra B, i =1,2.

The triple B, j1' j2 (or simply B, wheo j1' j2 are understood)

is called __ iff

i) j1(B1), j2(B2) are independent, i.e.

j1(a1) A j2(a2) # ° for are B1 ,a2 e B2,a1 '# 0, a2 0.

11) j1(B1) u j2(B2) (completely) generates B.

If moreover

iii) {j1(a1) /\ j2(a2), a1 E- B1 g, a2 e B2} is a d ense subset

of B, then B, j1' j2

One can easily see that the minimal product is (up to

isomorphism) unique. The existence is also clear, just set

B = ltJ(B2)),

j1(a) = sea) x ')(B2),

j2(a) = ':) (B1) x sea)

We shall often ideotify Bi with j iCBi). The minimal product
Gf B

1
aDd B2 will be simply denoted by B1 @ B2•

The reader may compare some details wi th [2] (where the

product is denoted by B1 e9 B2 ) and [6].

b)

Let B be a complete Boolean algEbra, DE vB such that

VBI= D is a complete Boolean algebra.
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VB
Then we can 00 nstruct the Boolean - val ued model (VD) inside

the model vB. It is known that this mod el is again (isomorphic to)
a Boolean - valued model vB*D, where B * D is a sUitable complete

Boolean algebra (see e.g. [2], [8]. In the following we shall

need some further information and hence, WEI must describe such
iteration. We use a method different from those known in the

11 tElL' atu re , As far esLknow the method was uaed first by me in 1967

after appearing, in the paper [10] by P. Vopenka and is based on
a well-known idea by S. Kripke [3].

Let Cola. be the algebra RO( lll0a.), thEI topology on lll0a.

being the product topology. Thus, Cola. is the standard collapsing
&gebra. By the Kripke's theorem [3], [4], every complete Boolean

algebra is (isomorphic to) a subal.gs bza of the algebra Cola.for

a SUfficiently large cardinal a..

Assume that a. is SUfficiently large" Then the algebra B

is a subalgebra of Col. The model vB is a mod e1. -class of the
model the VB - complete Boolean algebra D is
small in vColu. One can easily find an fE, VColcx, such that

for every x <& VB, VB 1= xeD 8c x t. 0 we have IIf = xl60l t. o.
a.

By the Rasiowa-Sikorski lemma (applied insj.de VColo: - a. is suffi-

ciently large, thus t1everything" is counbabl,e ) there exists an
F E VColcx, such that

vColcx, F F is VB - gEtleric ultI'afil tel.' on

D and f E F.

Now, we set (T,Jech denotes this algebra b;l' D * B) ;

B * D = {lIx e FIlCOl x Eo VB&. II x Eo DIIB = 1 }
()(,

For a E B, let E: VCola. be such that liB: = 1 II = a, = 011 =-a,

vB * D is defined

x E vB

x

fl 1\ It induces a complete embedding elf B into B * D.

can easily check that B * D is a complete Boolean

Let

Then
One

algebra.

The isomorphism x

by E -induction as follows.
VB

x e (vl»
We set

'iCy) = \I a 6 FICol for y E dom (x),
a.



where II x(y) = aliB = 1
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and II a E DIIB = 1

If B, D are Boolean al@8bras, then

VB l= D is a Boolean algebra.

We c an coostruct the completioo Com (D) io VB and theo

B • Com(D). We show that

B • Com (D) = B® D

We shall follow the notatioo of part b). The embedding j1 is
d eft tIEld by

j1(a) = II E: FII for a Eo B

The embeddiog j2 is defined by

j2(a) = II
v

FIIa E- for a - D

If a E B, a '/. 0, bED, b # 0, theo

/\ v A v
j1(a) A jlb) = II a E FII" II b F II =11 a " b E: FII '/. 0,

I
A V /\ V

because I a AbE FII II a "b = f II •
v

If a E B • Com(D) then a = II x FII for so me x such that

vB x E Com(l).

Since
that

v v
D is dense in Com(D), there exists a y . D, Y # Osuch

II y xllB F 0. Then

j1(11 y xIlB) A j2(y) II Y xII Col 1\11 Eo IU
IX

iii) of a) is true.

We remind the reader of an important result of R.Solovay
(see [2] and [8]) :

Assume that < IX are completa Boolean algebras,

each B£ is C.C,C., JB is a complete sUbalgebra of fbr

< and = for A limit. io C.C.C.,

moreover, if cf(oc) > H 0 then U B£ is complete.
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R. Solovay and S. Tennenbaum in [8] ';)0 nstructed (for a

given cardinal such that = for < a ) a complete 0.(.,.0.

Boolean algebra D such that axiom MA is true in VD

and 2 X 0 = 0; in vD.
We can realize this construction inslde a model VB. Thus,

let B be a C.C.C. complete Boolean al.gebna , be a cardinal

such that
v

=

Let

vB I=: (V < (f)

D E VB be such that

VB I=: (VD \:= MA 8< 2 Ho = (t).

We write

STo; (B) = B • D •

is a C.'-'.C. complete Boolean algebra such that

VSTo;(B) f= 2 = 0; 8< MA.

In this defini tion the cardinal can be replaced by an
f E VB such that

vBI= f is a cardinal 8. < f) ff) = f

Evidently, there exists a first cardinal f vB such that

vB F= (VI3 < f) f/3 = f.

In this case the algebra STf(B) is denoted for short by ST(B)

and is called

The algebra may be defined

[8]. We define the sequence <
changing

§ 2. RANDOM AND COHEN BEALS===========================

similarly as is do ne in
as in [2] or [8], just

a) __

For any fini te set X we denote by JT X the generalized
Can tor set X2 endowed with the product tc po Io gy, Let BX denote

the small est a-field; of subsets of ]I X ceo ntaining the open

sets, i. e. BX is the a-field of Borel subsees of J[r
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From the measure v on 2 one can easily construct

a a-additive measure !-Lx on J[ X such that every Borel.. set

is !-Lx-measurable.

If' <p : A -)0 2, A X ,we wri te

8q> ={ x E X2; Cjl x)

The set {8q>; dom(<p) is a finite subset of X} is a basis for

the topology on HX. The !-Lx-measure of such a set 8q> is equal
to

For E X we write

= {xe-ix ' xes) = 1} = 8 t1,1>!
Cx denote s the complete Boolean algebra of regular open subsets
of Ilx• Evidently Cx is isomorphic to the algebra BX modulo

the ideal of meager sets. R
X
denotes the complete Boolean

algebra BX modulo the ideal of set !-Lx -zero sets.
Both algebras are C.C.C.

We shall idenfi ty elemen ts of BX wi th the corre sponding

elements of Cx and RX' respectively.

If X2 then one c an naturally defina a mapping

fro m ]f X onto nX ' which induces comple te embeddings of
2 1

Cx into Cx and Rx into RX •
121 2

If X = roo we shall often OIUt the subscr ipt X and
simply write I, B, !-L, C, R. Thus, e.g. II is the set of
reals and !-L is Lebesque measure on n •
b)

R. Solovay [7] defined a natural coding of Barel subsets of II
by the reals: for each aEli a Borel set Ba is definad.

If IV! is a model-class, one can define a mapping # from

BM into B as follows :

#(B:) = Ba for a E- 11 (\ M.

R. Solovay has shown that for any a, b , bo EM, {bn; n E roo} M
the following hOlds:
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1) MI= BM is meager :: Ba is meager,a

2) MF BM has measure zero == Ba has measure zero,a

3) MF M M Ba =- BbBa = - Bb - ,

4) Mt= = -, Bb ,a b-

5) MF = \! M BbBb ==
n n

ThUs, the mapping -.#= induces an M-complet e embedding of CM

(RM) into C (in R). Since every element a E Cx belongs to some
Cye Cx with Y countable, X, one can easily define an
M-complete embedding of into CX' Similarly for and RX'

Sine e every Borel set is equal to a G6-set up 00 a
measure-zero set, it suffices to deal withG 6 -sets. We describe
a coding for such sets.

The countable set {8 i CPEl{n 2} is a basis for the
1T ........ cPtopology on n • Let {.:::. n i n wo} be a fixed ellUmeration of

this '00. sis. For a re al a Ell we set

of J[ is of this

Wo x Wo onto

Qa =U { :::; n i a(n) = 1}

is open and every open subset of n
a 1I •
be a. fixed one-to-one mapping from

form.
a E M.

is equal to an

for

The set Q a
Qa for some

Let 'It
Woe We set

r - n u{'='. a('It(n.m) = 1 }a - n m '--'m' •

Then r a is G 6-set and every G6-subset

JL 14 MEvidently "/F( Qa ) =Qa' +(ra ) =ra

CM (on RM, then
lii-Cohen

Let M be a model-class. A real l!E.H is said to be
M-random or random over M (or simply random when the class M

iff for every x E HM = II n 14 for which I-L(rx)=o
we ba va r 4: r x. Similarly, a real c En is said to be M-Cohen
(Cohen over 14, Cohen) iff for e very x E nM fo r which H- r x is
meager, we have c E r x.

If G is an M-generic ultrai1lter on

the real x defined by x(n)=1 == 'anEG is an
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(lVI-random) real and vice versa, if x is an M-Cohen (M-random)

real then there exists an U1-generic ultrafilter G on CM (on
RM) such that x(n)= 1=.<JOEG (just set G= {XEBM;

If y is a real, the real x is said to be M-random over y

(M-Cohen over y) iff x is M(y)-random (M(y)-Cohen). Let us

renark that as usual MeA) denotes the smallest model-class such
that MC M(A), A E M(A),

If G is an l\1-generic ultrafilter over

countably infinite, one can define an M-Cohen

follows:

and X Y

real Cx as

is

Cx(n) = 1 a T where X = . n Eo ooo},
Similarly for aod r x •

CxIt is well koown that in the model V the following

holds
If\V has measure zero and does rot possess the Baire

property. RxOn the other hand, the following holds in V

I (l V is meager and non-measurable
(see e.g. [1], [11]).

B Let B be a complete algebra. We can construct
V VB B VB VB
Cx and RX in the mod el V. The algebras B • Cx ,B· RX
will be simply denoted by B • Cx ' B • RX respectively.

\! VB
We already know that Cx is a V-subalge bra of CX"·

One can prove that B U Cx generates B· Ox' thus B • Ox is
a product of B aod CX. Similarly, B· RX is a product of B

and RX• v

Since Cx is a dense sUbalgebra of (a basis of Cx is
defioed by fiDite sequence of zero and ones 1), we obtaiD

B • Cx = B <E> Cx
The similar equality for RX need not be true. The set {sea) s(b):

a E- CX,b" CyUs a basis for the product topology on :fCC) x :s'(C ).
T' C . X Ynus, X v y J.S the minimal product Cy (X (\ Y = ).
The algebra RXVY need not be the minimal product of R

X
and Ry•

We sketch a proof of the inequality
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R ,lR ®R.
000+000 Wo 000

The idea of' the proof' is based on an observation made by

R. Sikowski [6], p. 189-190.
H. Steinhaus [9] has pT'oved the f'ollow.ing theorem:

if' A,B II , IJ.(A) >0, IJ.(B) > 0, then there ex is ts a non-empty
open set C such that C G {I x - yl; x E A, y E B }

Now, let D C be a closed nowhere dense subset of'
lJ.(D) > o, We set

x = {[x1,x2 ]Ell,000+000

X is a non-zero element of'Then

Ix1 - x21 E D}

R • Assume that
Wo+Wo

{[a,b]; a,b E R} is dense in R • Then there exists two
Wo+WO

sets A,Bs n ,lJ.(A) > 0, !l(B» 0 such that

lJ.WO+WO
(X-AX B) =0

Write A"= A - U {2 n , IleA t'\ :=:: 0) = 0 }

B"= B - U {2 n , IJ.(B t"I '2
0
) = 0 }

By the Steinhaus theorem there exis ts a non-empty open
set C such tha t

c {I x - yl, x E A', Y E B' }

Since

dx - yl; [x,y] X} = D,

D is nowhere dense, C is not a subset of D.
Ther ercn e

A' x B' ¢ X.

The closed X may expressed as

X = K - U {'2 x'"=' ; [n,m] E W }
Wo+WO n ....... 01

Thus, there exists a couple [nj m] E W such that (A')< B')('\

t"I ( '2 0 x::=: m) *¢
Em m the def'inition of' A' and B' we obtain

lJ.(A'" ::::: n) > 0, lJ.(B'n::: m) > 0
and theref'ore

IJ.(A x B-X) !l(A'X B' -X) lJ. «A'" 2 n) x (B' ('\ 2 m» > 0

- a contradic ti on.
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Let a be a real, X being infinite subset of 000 • We define

a new real aX as follows.

Let X = {kn, n Eo wo} be the order preserving enumerati on of X.
We define

aX(n) = a (kn) .

If a] X deno ts s the restriotion of the funotion a to too set X

then differenoe between alX and aX 1s inessential; in fact,
for any model olass M oontaining the set X, we have

M(al X) = M(aX)

If c is an iII-Cohen real ,X E 111, X wo,X inn ni te,

is also an H.i-Cohen real - if c(n)=1 ,where
erio uI trafil ter over C, then

If 000 =
bo th Cx and Oy
we have

0XCn) = 1 '3 Cx •
X v y, X n Y = being infinite,
are Cohen reals. By the results of the

then
part d),

CWo = Cxv y = Cx ® Cy = Cx • Cy•

Thus, cy is also Cohen over oX.

Let us replace the oondition " X () Y = " by "X n Y is

finite". Then M(OX) = MCt:_y)' cy is Cohen "x-r: Thus, Oy is
also Cohen over cX.

If 'F is a family of almost disJoint subsets of 000 'bhen
{oX; XGCJ::}is a family of mutually Cohen ze at.s,

Similar results bo ld for .rando m .real s.
It suffioes to show the following

if 000 =XvY, X"y X, Y infinite,.r is .ranoom, then
is .random over r y •

Ry
Assume not. Then there exists a .real Z E V such that

By defini tiOD
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Since w0 2 =X2 x Y2, IIZ(n)= 1 IIR E Ry , there are sets An Y2

such that \I Zen) = 111 = X An£ wo2•

EVidently,

Thus

The lIB asur e " is a pro duct of measures •
....000

The product of measures is associative, thus

We have ass uns d

Let

Then = IJ.(An) and also

IJ.( U2 n X = 1
n

There exists a point y E Y2 such that

IJ.X({ x, [x,Y] E- U::: n X
n

Let f<. be such that

A' }) =1n

Let W= {n k; YE Then

IJ.X(U{ 8 n; n Eo W}) >

But

1 .
Vn W)Z(n)=111= n IIZ(n)=1 =

nEW

=X2 x (I An•'V\ W



Since we obtain

112

r\
lJ.( I I

nE-W
= lJ.( (I

neW
A') >n o -

a contradictio n-

From d) one can easily see that in M(r),r being M-random,

there is no M-Cohen real and vice versa, in 1I1(c),c being

M-Cohen, there is no M-random real. However we can prove the

following:

Let G be an M-generic ultrafilter on R @ C, r,c being

the corre sponding lV.!-random and J,.!-Cohen reals, respective lye

Then there exists an lv1-Cohen real cE. M(r,c) := MeG)

such that c i M( c). Ro:. C
We start with M 0: being sufficiently large. Then

Ro:
in M ,there exists a family'f:: of almost disjoint subsets of

Wo o;E cardinality 0:. Therefore, the family of reals

{cx; has cardinality 0:. Since in M(c) a

small number of M-Cohen reals, there exds ts an J1Ij:..Cohen real
- ,Rex * C - ,.j _ Rx • C .p l'
C M such that c 'F M(c). EVidently, c E M ....0

countable 0:.

BAlRE PROPERTY
===========

A measure V is said to be

{ < 0:) of

U A is measurable and
S<o: S

0: - additivite iff ;EoI' every sequence

disjoint measurable sets, the union

\1 ( t) A) v (A)
v s =L v s·

S<o: S<o:
bince at most countable number of

measure, one can easily see that v J.S ex
every sequence {AS'S < 0: } of measure

U AS has measure zero.
:;<0:

may have positi ve
- additive iff for

zero seta the union

We write

ALM = the first 0: such that Lebesgue measure

lJ. is not ex- additive.
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EVidently is and

Let us r emank that Martin's axiom AM implies ALM = 2
H"

(see [5]).

we define

APe = the first 0; such that there exists a sequence

{ AI;; I; E o;} of meager subsets of IT such

that U AI; is not meager.
1;<0;

Then AFC is and Ho < AFC 2 Ho •

Also
MA AFC = 2

Ho

We define

SNM = the first
set X G [

a: such that there is a nonmeasurable

of 0;,

such

SNB = the first a: such that there is a set X 1f ,

X = a: such that X does not po.aseas the Baire
pro perty,

PZS = the 0; such that there is a sequence

{ AE, ;1; < a: } of measure zero subsets of li
that U AI; =H

I;<a:

PFC = the first 0; such that there is a sequence

{ AE,; I; < o;} of meager subsets of K such

tba t; LJ AI; = n
1;<a:

c)

One c an easily pro ve :

ALM is
AFC is re gu la.r ,

H
Ho < liM cf(SNM) SNM 2 "

k< AFC cf(SNB) SNB 2 H"
0

liM cf(PZS) PZS 2 Ho

AFC cf(PFC) PFC 2t-\o



that
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At first sight it seems that ALM =PZS. It is easy to show

the following fact :

if { As tl; < is a sequence of measure zero sets such

tl( U As) > 0, then PZS

every n, there exists an interval Bn such that

IJ.(Bn n U AI;) tl (Bn)

let f n be a linear mapping of Bn onto I . Then

tl( U U fnCAsn Bn» = 1. )
n<wo

However from ALM = does not follow the existence of

such a sequence: U AI; does not have measure zero but may be

(that is the case 1).

In this paragraph we assume the generalized continuum

hypo thesis.

a)

Let Ho< , > Ho being regular. We construct a

model in which ALM = a and 2 k o =
>10=

S111;+1 = ST( $II; • C)

SlIA = Com (U$llS) for A limi t,

(11 = U rnl;
?'\ .?II

One can easily show by induction that is C.C.C. and

V>II I; 1= 2Ho Thus, is a complete C.C.C. Boolean cU:le-
bTo. and 2 = is true in

EVidently

]I = U I (\ vSllI;
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Since * c and V F IJ.( In V5II/;) = 0,

we obtain

IJ.( I n V .s1I = ° (in V 5-1 )

and hence
ALM

the other hand, let A£;<;;;: If , < y = °
(in ). We assume that ral;' lJ.(ral; ) = 0, EI.
Every 13./; (as a Boolean function) is a function from 000 into

Q' Since > regular, y < , there exists a
....

1;0 < ex such that

I; for each < y

In the mod el V 51 , Martin's axto m is true; thus (as Lebe sgue

measure is -additive) there exaabs a real a such that

lJ.(r a) = 0 and r r for each < Y (everything in
a£; a

V5I ). Then also in the union AI; r r a
has measure zero.

Thus

Let us remark that in this model PZS =ALM is true.

The construction is same as in a), just replace C by R,
i.e.

and

ol-O = Rf3 ,
101;+1 = ST (101; * R),

=Com ( A limit

I{) = U tel;

Also AFC = PFC.

c)

Let > Then in V , 2 HQ = and PIvlZ l:3 •
We show that actually PZS =
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, we obtainis random over

Let {Xs' s < y} ,y < be a sequence of reals such
that =0 for each S < y • Since y < there exists

an iofioi t: countable set T such that Xs E- V lR for
each S < y. Let Ts denote an infinite countable set such that

•x S E V

Since 'V'"T

is nonmeasurable and

'tT ¢ r x
S

J[U r xs<y ;
R

In the mod el V the set

Thus

="""""
Jf () V = H 1. Thus

ALriI = H 1

C
Construct the model V

part e) I
and use arguments dual to those of

PZS = P is true. ThusIn V , SNM = H 1 '

SNM < PZS

= SNM = & PZS = k 1V

:for > k 1.

On the other hand, it is well
that

known (see [5J)

SNM > PZS •

Evidently ALM SNM. In the mod el V (fro m e)), we ba VEl

SNM = and ALM = H 1 ( PZS).

Thus
ALM < SNM.
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