RANDOM FORCING

by

Lev Bukowskj*

Boolean algebras allow us to comsiruct wmodels of sebt theory and

to obtain in this way some results concerning Lebesgue measure
(mainly independence results). On the other hand, using measure

ome can construct a Boolean algebra. In this mote I want to
present some rather elemepbary results of this kinde. Owing %o the
duality between measure@ and category the great majority of our
results can be almost immediately dualised,

Our terminclogy and notation are standard. Mostly, we shall
follow [2]. We recall some notionse.

If B is Boolean algebra then ‘S(B) is the Stone space of
all ultrafilters on B with the topology induced by {s(a); a & B},
where s(a) = {j&¢ ¥ (B); a & j} . The completion Com (B) of B
is the complete Boolean algebra RO( & (B)) of all regular open
subsets of ¥ (B). s is the embedding of B into Com (B).

If B is a complete Poolean algebra then the Boolean

universe V° is defined by € -induction as Ve = U Vg s
where o€ On

vi = U vg for A limit,
E<h

Vieq = { f; don ()< Vg & rog(f)S B
The matural embedding " VvV " of V into vB is defimed by induction:

§(§) =1 for yE€ X.

The Boolean value || @(xqperesx )|l g is defimed in [2] for
Xqsee+sX, € VP (the subscriyt B is usually omitted)s

Y e ¢ mans that || ¢ll; = 1. Instead of V‘Bi=q>(§1,...,§n) we
write simply VBt-—-(p(x,‘,...,xn) (for Xqseee X, € V). V is often
c nsidered as & subclass of V.

4 class M is called a model-~class iff all the axioms of
set theary (including the axiom of choice are trus in the model
M, €& fme 4 notion O relativised to this model is denoted by O M.
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I1f D is a complete subalgebra of B then vP is a model-class
i B
»-n V .8

If M is a model-class, B€ M is a Boolean algebra, then
B is sald to be H-complete iff the union VX exists for every
X< By, X&€ M. In a similar way the notion of a M-complete
homomorphism csn be defined.
§ 1. ITERATION AND FORCIN

oo — i T . ——

Let ji’ B;~» B be a complete embedding of a complete
Boolean algebra Bi into a complete Boolean algsbra B, i = 1,2
The triple B, j,], s (or simply B, when dqs 3, are understood)
is called a _product of B,, B, iff

i) j'l(B’t)’ 32(132) are independent, 1.8
j,}(a,t) A 32(a2) #£ 0 for aye Byya, € B,ya, #0, a, # O.
ii) j’](B’l)UjZ(B2) (completely) generates B.

If moreover

iii) {j,l(a,‘) A ja(az), a, € B,] g ay € B2} is a dense subset
of By then 3B, 3’1’ 32 is celled the minimal product.

One can easily see that the minimal product is (up to
isomorphism) unique. The existence is also clear, just set

B = RO(S(B,) » X(B,)),
s(a) xf(Bz)s
E?(Bq) x s(a)

iq(2)

Jo(a)

We shall often identify By with ji(Bi)' The minimal product
of B’I and 32 will be simply denoted by B,] ® By

The reasder may compare some details with [2] (where the
product is denoted by B, @ B, ) and [6].

b) Iteration of forcinpg

Let B be a complete Boolean algebra, D€ vB such that
VB|= D is a complete Boolean algebra.
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B

Then we can comstruct the Boolean - valued model (VD)V inside
the modsl VB. It is kpown that this model is again (isomorphic to)
a Boolean - valued model VB‘D, where B * D is & suitable complete
Boolean algebra (see e.ge [2], [8]. In the following we shall
need some further information and hence, we must describe such
iteration. We use a method different from those known in the
literature. As fare Jknow the method was used first by me in 1967
after sppearing, in the paper L10] by P. Vopdnka and is based on
a well-known idea by S. Kripke [3].

Let Ccloc be the algebra RO( ®°«), the topology on ¥°
being the product topology. Thus, C°1a is the standard collapsing
8l gebra. By the Kripke’s theorem [3], [4], every complete Boolean
algebra is (isomorphic to) a subalgebra of the algebra Col“for
& sufficiently large cardinal oo

Assume that o is sufficiently large. Then the algebra B
is a subalgebra of Col. The model VB is a model -class of the
model VCOI“. Mbreover, the VB - complete Boolean algebra D is
small in V%, One can easily £ind an £ € VOO guch that
for every x cVB, vB b= xe D2 x # O we have [f = x”Col £ O

By the Rasiowa~Sikorski lemma (applied inside ylola _ o is suffi-
clently large, thus "everything" is countable) there exists an
Fe vV sych that

veole = 7 is VP - gemeric ultrafilter on
Dand f € F,.
Now, we set (Tydech denotes this algebra by D * B) :

B * D = {erFucol ’ X & VB& H X e D"B = 1)
o

0| =~a,

i

For & € B, let 8eV°°® be such that [A=11 = a &
Then " " " ipduces a complete embedding of B into B * D.

One can easily check that B * D is a complete Boolean
algebrae. B

The isomorphism X =» X of (VD) onto VB *D is defined
by € ~induction as follows.

Let x €& (Vb)v s le.e€e X E€ v and Ix e VDH g=1.

We set
xF) =}l ae FgCol for y € donm (%),
o
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where || x(y) = ally =1 and |la e DHB = 1

¢) Relation between * and &

If B, D are complete Boolean algebras, then

v
VB = D is a Boolean algebra.

We can comstruct the completion Com (5) in V8

B * Com(ﬁ). We show that

and then

B‘Com(\ﬁ) =B® D

We shall follow the notation of part b). The embedding 31 is
defimd by

ifa) =l 8e?| for ac B
The embedding do is defined by

i(a) = | & € Fl| for aeD
If a€ B, a#0, b€ D, b £ 0, then
i@ A gy = [[8erlirlive Fil=ll8nberl #0,
because || & A be ?li Zlié\/\\b’ =f || .
If a€B* Com(ﬁ) then a = || x € F|| for some x such that

VBP= X € Com(f).

v v
Since D is dense in Com{D}, there exists a y€ D, y £ O such
that || ¥ < xflg # 0. Then

X v . v v
Il y s =l Ad(d) s Iy < xll gy All yeFli<lx e F]
o
iea@s  iii) of a) is true.

d) Solovay’s lemma

We remind the reader of an important result of R.Solovay
(see [2] and [8]) :

Assume that B,, £ < o are complets Boolean algebras,
each B, is C.CyC., B, is a complebe subalgebra of B, for

g<n and B = Com(gaBé) for A limit. ThenéE(Jx B, is C.CeCo,

moreover, if c¢f(x) > W o then ézé Bg is complete.
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o) Solovay-Tennenbaum closure

R. Solovay and S. Tennenbaum in [8] constructed (for a
given cardinal o such that of = o for B < o) a complete Cut.Cs
Boolean algebra D such that Martin’s axiom MA is true in vP
and 2 Ro o in vP .

We can real ize this construction inside a model VB. Thus,
let B be a C.CeCe complete Boolean algebra, o be a cardinal
such that

P (Vp<d) & =&
Let D€ VB be such that

Ve (WPe ms 28 = o).
We write
ST, (B) =B *D.

STu(B) is & Cev.C. complete Boclean zlgebra such that
vSIa(Blie 5% o g .

In this definition the cardinal « can be replaced by an
£fe&V® sua that

vBl= £ is a cardinal & (Vg < £) £P = £
Evidently, there exists a first cardinal £ € V© such that

P (Vs < £) P = 1.

In this case the algebra STf(B) is denoted for short by ST(B)
and is called the_Solovay-Tennenbaum closure of Be

The algebra STOC(B) may be defined similarly as is donpe in
[8]. We define the segquence B§’ g <o asin [2] or (8], just
changing

BO=B-

$ .. RANDOM AND COHEN REALS

a) The Boolean algeébras_ R _and_C

For any finite set X we denote by HX the generalized
Cantor set X2 endowed with the product tcpology. Let BX denote
the smallest o-field of subsets of }IX ccotaining the open
sets, i.e. BX is the g-field of Borel subsets of IX’
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From the measure v on 2 (v({G})w({&i):%), one can sasily construct
a o-additive measure p  on [ ; such that every Borel set
is By —me asurable.

If ¢ ¢t 4-» 2, AC X , we write

e X

The set {Gq); dom{p) is a finite subset of X} 1is a basis for
the topology on I x* The u -measure of such a set SQ is equal
to

2y o & X}

dom(e)
By 8g) = (D)

For £ € X we write
%?; = {XG]IX y X(E) = 1 } = 8{<§,1>}

CX denote s the complete Boolean algebra of regular open subsets
of I[X‘ Evidently CX is isomorphic to the algebra BX modulo
the ideal of meager sets. Ry denotes the complete Boolean
algebra By modulo the ideal of set p, -z8I0 setse

Both algebras are C.C.Ce

We shall idenfity elements of BX with the corresponding
elements of CX and RX’ respectivelye.

If X1§ X2 then one can naturally defipne a mapping
from I[X onto HX , which induces complete embeddings of
2 1

C into C

X5

If X = we we shall often onit the subscript X and
simply write I, B, py Cy Re Thus, €.g I is the set of

reals and p is lebesgue measure on I.

and R into R .
X X,] X2

I]

b)_Solovay’s_coding of Borel sets

R. Solovay [7] defined a natural coding of Berel subsets of i
by the reals: for esach a¢€l a Borel set B, is defined.
If ¥ is a model-class, one can define a mapping # Zrom

i into B as follows

B

#(Bg&) =B, for ae€ Toam

R. Solovay has shown that for any a, b, bne My {by; n€ wol € M
the following holds :
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1) ukE Bff is meager = B, is ueager,

2) Mk Bid has measure zero = B_ has measure zero,

5) M"‘BE:-B{?EBaz—Bb,

M M o_
)y ME BaQ-.Bb_-:Bang,

5 oak - e n=l 5,
n n
Thus, the mapping # induces an li-complete embedding of CM
(RM) into € (in R). Since every element a € Cx belongs to some
Cy 1= Cy with ¥ countable, Y< X, one can easily deflne an
%complete embedd ing of CX into C « Similarly for RX and RX
Since every Borel set is equal o a G g—8et up W a
measure-zero set, it suffices to deal with G ~-sets. We describe
a coding for such sets.
The Countable set {8 ; q;eL.An 2} 1is a basis for the
topology on T .1et { En; (xgewo} be a fixed enumeration of
this tasise For a real ac] we set

= U=, aln) =
The set @ is open and every open subset of I is egual to an
Q, for some ael .
Let n bed fixed one-to-one mapping frem wge x we oOnto

Woe We set
r, = ﬂ U{wm’ a(n(n,m) = 1 1%

Then I‘&3L is G 6--:set and every G é-subset of I is of this

forme M M
BEvidently H#( Q" ) =Qy 4T =T, for a€ M

¢) Random and_Cohen reals

Let M be a model-class. A real eel is said to be
is understood) iff for every =x € ﬂ =l nu for which p(r)=0
we hawe r¢ T'y. Similarly, a real cel is said to be M-Cohen
(Cohen over M, Cohen) iff for every x eﬁ for which I - I‘ is
me ager, we have ¢ € I‘ .

If Q is an M—generic ultrafilter on ct (on Rﬁ’I then
the real x defined by x(n)z=1= %neG is an i~Cohen
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{M-random) real and vice versa, if x is an M~Cohen (l~random)
real then there exists an i-generic ultrafilter G on CM (on
B'Y) such that x(n)= 129,cG (just set G= (X eBly ze(0)1),

If vy is a real, the real x is saild t be M-random over y
(M~Cohen over y) iff x is M(y)-random (M(y)-Cohen). Let us
remrk that as usual M(A) denotes the smallest model-class such
that MS M(A), A € M(4),

If G is an Megeneric ultrafilter over C¥ and X <Y is
countably infinite, one can define an M-Cohen real CX as
follows 3

CX(n) = 1 scggx:’:cly where X = {£, } B & wo}
Similarly for Ry and r_ . .
It is well known that in the model V * the following
holds
I~V has measure zero and does mt possess the Baire
property. R
On the other hand, the following holds in V *

1AV is meager and non-measurable
(See Se Ze {1], [11])0

4) Products_

g Let be a complete Boolean slgebra. We cag constructB
Y end Ry in the model V. The algebras B * o , B+ r}

will be simply denoted by B * CX s B * RX respectively.

v B

We already kpow that Cy is a V-subalgebra of cye
One can prove that B u CX generates B * CX, thus B * CX is
a product of B and CX’ Similarly, B * RX is a product of B
and RXQ

' - VB .

Since Cy is a dense subalgebra of Cy (a basis of Cy is
defined by finite sequence of zero and ones !), we obtain

B * CX =B® CX
The similar equality for Ry need not be true. The set {s{a) s(b):
ahG Cysb € Cyd :-Ls a basis for the product topology on £(Cy) x X(CY)-
Thus, CXuY is the winimal product CXQCY (XoXY=¢).
The algebra RXUY need not be the minimal product of RX and Ry.
We sketch a proof of the ineguality
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Rﬁ‘o#”e # Rwo® Rmo *

The idea of the proof is based on an observation made by
R. Sikowski [6], p. 189~190.

H. Steinhaus [9] has proved the following btheorem:
if 4,B€ 0, uw(a) >0, u(B) > O, then there exists a non-empty
open set C such that C< {|lx-yl; xe€4, ye B}

Now, let DS ] ©be a closed nowhere dense subset of
(D} > O Ve set

X = {[x,x;]€ Hwo+wo . lx,! - x2]€ D)

Then X is a non-zero element of Rw wa * Assume that

o+Wo

{[a,b]$ ayb & R} is dense in Rwo w;’ Then there exists two
+

sets A4,BC N , p(a)> 0, p(B)> O suc that

uwo«o-me(x ~4x B) =

Write L= A - U {En’ u(a n En) =0}
B’z B - U{Eng p(B n En)=o)

By the Steiphaus theorem there exists a non-empty open
set C such that

c < {lx-y3l, xea’y, ye B}
Since
Iz - yls [xy5]l € D) =

D is nowhere dense, C is not a subset of D.

Ther efore
A'x B & Z.

The closed X may expressed as

T - [
= ﬂwo+wo - U{.;;n X b [nya] € W3

Thus, there exists a couple [n,m] € W such that (4> B )~
N x=m P +P

From the definition of A° and B” we obtain

w(&°n 2 > 0, p(Bn = )> 0
and therefore
w(AXB=X) 2 p(A%X B°=X) 2 p ((&°n = o) X (B nZ @) >0

- & contradiction.
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e) Relations_between reals

Let a be a real, X being infinite subset of wo « We define
a new real ay as follows.

Let X = {kn, ncwe) be the order preserving enumerabtion of X.
We d efine

aX(n) = 2 (kn).
If alX denote s the restriction of the function a to the set X
then difference between alX and ay is inessential; in fact,
for any model class M containing the set X, we have

Walx) = M(ay)

If ¢ is an W~Cohen real ,X € i, X & wo,X infinite,
then oy is also an #=Cohen real - if c(n)=1 E?nee s where
G is an M-generic ultrafilber over C, then

og(n) = 1= G eGney .

If we =XuY¥y, XnY=@, X,Y being infinite, then
bo th cy and ¢y are Cochen reals. By the results of the part d4),
we have

Cwo =Cxyy =Cx®Cy=0Cyg* Cye

Thus, Cy is also Cohen over Oxe

Let us replace the condition " X n ¥ =0 " by "X n Y is
finite". Then M(cX) = M(S‘(_Y), cy is Cohen « Thus, cy is
also Cohen over Cxe

If F is a family of almost dis,oint subsets of w, %hen
{oys Xe%1)is a family of mutually Cohen realse.

Similar results hold for random reals.
It suffices to show the following :

Cx-y

if wo = Xv¥y XnY¥ =g, X, ¥ infinite, r is randoum, then

rX is random ower ry.

R
Assume not. Then there exists a real Z¢ V Y such that

vE = pRy) < -;_x(rxe Q,
By definition

Fzge ogly = Vilatm = 1 Igalieze 2l
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since “°2 = X2 x Y2, |la(n)= 1llge By , there are sets A, < Y,
such that || 2(n) = 1ll = %o x a %02,

Evidently,
= - ps - Y
“I'Xe:n”R= “rxe:‘?\“RXX 2 =L_.nx ,2
Thus
Neweallo= W = xa
X ZV R T i “—n el
The measure oo is a product of measures.
The product of measures 1s associative, thus
e = Hx *Hy
We have assumed i ry € Qzll =1 , ie6e
—
pw (UC'D X&n) = 1
S
Let
= ay =) g, wE0,eeun 3z w(() 4 =03

iew iew 4
Then u(A;) = p(ixn} and also
) ’
n k{: Sip X A7) = 1
There exists a point y ¢ Y2 such that
e .
(X %, [xy7]e U:,nx AL ) =1
n

Let k be such that

K
np(ixs [x3le U = x40 1) > 4.
n=0

Let W={n<€k; ye A;}. Then

u(H S psnem) > % .
But
he@y) >3 I 52 Il ¢ YneWz(n)=1 H:an llz(nd=11 =

=X2X(’\A .
nwew 2
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Since F\ A; ;£§Z5, we obtain p( m An) = u( lf\\ A;) > 0 -
new neW neW

a contradictione.

£) A =andom real produces a new Cohen real

From 4) one can easily see that in M(r),r being M-random,
there is no M-Cohen real and vice wversa, in M{c),c¢c Dbeing
M~Cohen, there is no M-random real. However we can prove the
following @

Let (3 be an M—generic ultrafilter on R® C, ryc being
the corresponding i-random and uw~Cohen reals, respectively.
Then there exists an i~Cohen real T ¢ M(r,c) = w(@G)
such that cédMc). Ry *

We start with M sy o Dbeing sufficiently large. Then

R o
in M %, there exists a family # of almost disjoint subsets of
we of cardinality o. Therefore, the family of I-Cohen reals
{cx; Xe¥}) has cardinality o. Since in M(c) theresonly a

small number of I~Cohen reals, there exists an M~Cohen real
_ *C - — Ry ®* C
ceu such that @ ¢ M(c). Evidently, o & M ¥ for

some countable X & oe

8_2: CARDINAL CHARACIERISIICS OF LEBESGUE MBASURE AND T
BAIRE PROPERTY

8) Additivity of measure

A measure v is sald to be ¢ - additivite iff for every seguence
{ Aé,g <o} of pairwise disjoint measurable sets, the union
& is measurable and
E<ox g
veU e =) vy .
<o E<u

Since at most countable number of 4.°s may have positive
measure, one can easily see that v 1is oo =~ additive iff for
every sequence { Ag +£ < & } oI measure zero sets the union

U Ag has measure zero.
Eon

We write
ALM = the first o such that Lebesgue measure
p is not o~ additive.
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Evidently ALu is regular and & < ALl < 28

Let us remark that Mertin’s axiom AM implies ALM = 28”

(see Martin-Solovay [5])e
Similarly, we define
AFC = the first o such that there exists a sequence
{ A§; £ e o) of meager subsets of I such

that \U 4, is not meager.
E<o g
Ho

Then AFC is regular and H < AFC < 2'° .

Also “
MA = AFC = 2°°

b) _Smallest ponmeasurable set and partition

We defins

8NM = the first o such that %here is & nonmeasurable
set X & of cardinality o,

SNB = the first o such that there is a set X<l ,
X = o such that X does not possess the Baire
pro perty,

PZS = the first o such that there is a seguence
{ &, 3Z <« } of measure zero subsets of I sucn
tha% U 4, =1

e g
PFC = the first o such that there is a seguence

{ A%; E <o} of meager subsets of I sucn

that | AZ;:ﬁ .
E<o

¢) Classical_imegualities_

One can easily prove ¢

ALM is regular,
AFC is regular,

H
Ho< ALM <€ cf(SNM) < SNM €2 7
. H
R,< AFC < cf(SNB) < SNB < 2 °

ALM < cf(Pz8) < Pzs < 2%

AFC < cf(PFC) € PFC < 2%
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d) Standard mistake

4t first sight it seems that ALM = PZS. It is easy {0 show
the following fact

if { A, }2 <« } 1s a sequence of measure zero sebs such

that p( U &) > 0, then PZ§ < a.
E<a
(For every n, there exists an interval B, such that

n
w@, a U oy -2 w3
n E<a 3 n+ n’ ?
let i‘n be a linear mapping of Bn onto I « Then

s U U gpane)) = 10
E<a ndwo
However from ALM = « does not follow The existence of
such a sequence 3 U 4, does not have measure zero but may be

o 5

nonmeasurable (that is the case !).

TNCY_FESULTS_

In this paragraph we assume the generalized continuum
hypothesis.

a) ALM can be any regular cardinal

Let Ho< o < B s cf(B) >Ho » oo being regular. We construct a
model in which ALM = o« and 28 = g,

Set q°= S

AET = s (AE » 0)

qA = Com (\USE) for A limit,
a &<
an
| = UgE
a’B €<a

Ope can easily show by inductiom that & is C.C.C. and

Vﬂ"g k= 29"’ = B+ Thus, 5{}“, is a complete C.C.C. Boolean the_
bra and 28 = g is true in vAup

Evidently
ag

I- U Iav

<o
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Since AE » ¢ cadtic ‘ﬂu’s and v ME'C & p( In vA%8) = o,
we obbtaln

W(TnvAE) o0 (in vI®B )

and hence
ALM <€ a

0n the other hand, let 4, c [, <y <a, ula,) =0

(in Kﬁa%ﬁ )s We assume that Agé I‘ag, p(r'ag ) = Oy agef .

Every a, (as a Boolean function) is a function from wg Ainto
ﬂ“:ﬁ « Since o > H, ,a regular, vy < o , thers exists a

Eo < o such that
evA%  for each E<y

In the model y A&+ y Martin’s axiom is true; thus (as Lebesgue
measure is <B -additive) there exists a real a such that

u(I‘a) =0 and T _CT, for each £ < y (everything in
g

yAEo+t1 3y, Then also in %8 the union <l r <o

v, <
2y Y ey Te Ta
has measure zero.

Thus ALM = o

Let us remsrk that in this model PZS = ALM is true.

b) AFC_can be_any regular cardinal

The construction is same as in a), just replace C by R,

ieee
"Oo = B,
1057 = sT (wf * R),
. * = Com ( g% WOE’), A limit
an
= 4
mOC’B - U ro

E<on
Also AFC = PFC.

C) ALM £ PZS
RB Ho
Let cf(B) > W, Then in V P, 27°= B and PZ < B .
We show that actually PZS = B
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Let ({x., £ < ¥} »y < B be a sequence of reals such
that p(r', ) = 0 for each ¥ <y . Since y < B, there exists

Rg-
an infinite countable set TC g such that x, € V P~T for
each ¥ < ys Let T, denote an infinifte countable set such that

R g
X § &V TE .
Since TT is random over T s We obtain
Tp ng
Thus U r, # I
gy 3

R
In the model V P, the set [aV is nonmeasurable and

oy et

ITav = 81. Thus

ALM = N 1
4)__AFC_# PFC

C
Construct the model V 3 and use arguments dual to those of
part o) |}

e) Relation between PZS and SNM

In VRB, sNM= 8, , ©PZS= p is true. Thus

SNM < PZS
for B> B e

On the other hand, it is well known (see Martin-~Solovay [5])
that

Cg .
v =SNM= B & PiS= B,

le e
SNM > PZS .

£)_ALM £ _SNM
Cg

Evidently ALM € SNM. In the model V  (from e)), we have

SNM = B and ALM = H,i(spzs).

Thus
ALM < SN
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